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ADVERTISEMENT

In the present Treatise it has been the Author’s
endcavour to combine what is necessary of th
Philosophy of the Science of Arithmetic with the .
Practice of the Art of Numbers: and it is here
considered sufficicnt to place before the student an
outline of the plan which has been adopted in the
arrangement, with a short account of the more im-
portant divisions.

The first Chapter commences with the elemen-
tary Definitions; it then proceeds to the cxplana-
tion of Notation and Numeration, which are both
exemplified in a great variety of instances; and
concludes with the consideration of the Funda-
mental Operations of the Science as applied to puts
or abstract numerical magnitudes.

In the second Chapter, the Fundamental Opera-
tions have been extended to mized or concrete numeri-
cal magnitudes, consisting of various denominations ;
and some important remarks arc introduced.

The third Chapter treats of the First Principles
of The Rule of Three, sometimes called The Golden
Rule; and comprises a collection of examples in-
tended to illustrate its different views.
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The fourth Chapter contains The Doctrine of
F'ractions, usually termed Vulgar Fractions ; and con-
cludes with many of their applications to practical
purposes.

The fifth Chapter devclopes The Theory of
Decimals, commonly called Decimal Fractions ; and
points out most of the uses to which Decimals are
peculiarly adapted.

In the sizth Chapter arc discussed the Doc-
trines of Katio and Proportion, from the Principles
of which are deduced all the Rules of consequence

in the affairs of Commerce; and it concludes with

the solution of a few miscellancous questions, cx-
plaining some technical terms.

The seventl, Chapter contains the Practice of
Involution and FEwvolution, with The Arithmetic of
Surds or Irrational Quantities.

The object of the eighth Chapter is The Nature
and Properties of Logarithms, dcrived from the
simplest principles; and the practical advantages
afforded by Logarithmic Tables are pointed out in
appropriate cxamples.

The nminth Chapter is The Application of Arith-
metic to Geometry : and the Calculations of Arti-
Jicers, Gagers and Land-Surveyors, arc explained and
exemplified in it.

In this Chapter will also be found an account
of the Imperial Weights and Measures, and their
origin and relation to each other; as well as of the
Calendar adopted in the time of Julius Casar, and
its subsequent improvement in the timo of Pope
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Gregory the Thirteenth, with the requisite Calcu-
lations worked out.

The rest is an Appendix, in which the Fun-
damental Rules have been derived from Elementary
LPrinciples, upon the extension of which the present
systemn of Arithmetic is established.

Throughout the work, it has been attempted to
trace the source of overy Rule which is given, and to
investigate the reasoms upon which it is founded:
and by means of partficular examples comprising
nothing but what is common to every other example
of the same kind, to attain in Arithmetic the kind
of evidence which is relied upon in Geometry, or
in any other demonstrative Science.

-

Single and Double Position arc omitted, as most
of the examples usually given to illustrate these
rules, may be solved by the principles here explained,
not to mention that they arc merely Algebraical
Formule cnunciated at length.

No notice has been taken of Arithmetical and
Geometrical Progression, of Permutations and Com-
binations, and of Annuities and Reversions, becauge
they depend upon Formule expressed by general
symbols, which the student would find a difficulty
in making use of, without at least a knowledge of
the Notation and Fundamental Operations of Al-
gébra ; in addition to which, they seldom occur to
any one who is not engaged in Sciontific Specula-
tions, or in Professional Calculations.

It has been objected that the Kzamples jfor
Practice given in this work, are too numecrous for
a rapid advancement in the subject ; but the student



vin ADVERTISEMENT.

will recollect that he has no occasion to trouble
himself with the rest, when a jfow of them have
rendered him perfeet in the Application of the
Rules ; although it must be obscrved, that a Facility
in Arithmetical Caleulations is of all things the most
indispensable, in the formation both of the future
Analyst, and of the Man of Business.

CamuerinGe, 1849,



TABLES

OF

MONEY, WEIGHTS AND MEASURES,

WITH SOME OBSERVATIONS RESPECTING TITEM.

I. TasLe or MoNEY oR VALUE.
A Farthing is written or marked {d.

2 Farthings are . 1 Halfpenny . .. . .. d.
4 Farthings . . . 1 Penny .. ... ... 1d.
12 Pence .. ... 1 Shilling .. ... .. 1s
20 Shillings. ... 1 Pound . . . ..... £1.

Money as expressed by means of these denominations
is called Sterling money, in order to distinguish it from
Stocks, Shares, &c.

The Standird gold coin of this Kingdom is made of
a metal consisting of 22 parts of pure gold, and 2 parts
of copper.  The Pound sterling is represented by a gold
coin called a Sovereign, and from a pound troy of stand-
ard gold are coined 463 sovereigns, so that the weight
of cach is 5dwts. 37l ars., or 123.274zrs.; and the value
of gold of the Minl-Fineness, called 22 Carat gold, is
£3. 17s. 104d. per ounce.

The Standard silver coin consists of 37 parts of pure
silver, and 3 parts of copper : and a pound troy of  this
metal furnishes 66 shillings, so that the weight of a
shilling is 3dwts. 153grs., and the Mini-Price of stand-
ard silver is 5s. 6d. per ounce. The silver coinage is
not a legal tender for more than 40s., the gold coinage
being the general standard of value.

In the copper Coinage, 24 pence are made from an
avoirdupois pound of copper, so that a penny should
weigh 102drs. avoirdupois, or 291%grs. troy: and this
coin is not a legal tender for more than 12d.

A Farthing, or 1f., is the lowest denomination above
mentioned : but farthings and all other subdivisions of a
penny are in practice, denoted by Fractions of a Penny.
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The Coins now current are the following, constituting
what is called The Circulating Medium.

Copper.
A Half-farthing . .. 1fi=1d
A Farthing . . .... 1fi=1d.
A Half-penny . ... 2f =1d.
A Penny . .~ .... 4f=1d

Silver.
A Fourpence . ....=0.4
A Sixpence .. .... =0.6.
A Shilling ...... =1.0.
A Half-crown ....=2.0.
A Crown ....... =5.0.
Gold.
£ s
A Half-sovereign . . = 0. 10.

A Sovereign . . ... =1
A Double-sovereign. = 2. 0.

The following coins, no longer in circulation, are
frequently mentioned, and their values are subjoined.
L s d, L. s d
A Groat ...=0. 0.4. An Angel . .=0.10.0.
A Tester...=0. 0.6 A Mark ...=0.13.4.
A Guinea . . =1. 1.
0
6

0. A Carolus..=1. 3.0.
A Half-guinea=0.10.6. A Jacobus.. =1. 5.0.
A Noble ...=0. 6.8. A Moidore. . =1. 7.0.

II. TapLE oF Avorirpurors WEIGHT.
A Dram is written 1dr.

16 Dramsare. . .. .. .. 1 Ounce ...... 1 oz.
16 Ounces . . . ... «+«..1Pound .....-11Ib
14Pounds. . .. ... ... 1 Stone . ...... 1 st.

2 Stone or 281bs . . . .. 1 Quarter. . . .1 qr
4 Quarters or 112lbs . . . . 1 Hundredweight . 1 cwt.
20 Hundredweight . . . . . 1Ton........1ton
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A Firkin of Butter is 4 stone or 56 lbs.; a Fodder of
Lead is 19} cwt. : and several sorts of Silk are sometimes
weighed by what is called a great pound of 24 ounces.

By this table are computed the weights of all sub-
stances which constitute the Necessaries of Life and the
Objects of Commerce, with all Metals, except Gold,
Silver and some Precious Stones. See Article (223).

Woor WEIGHT.

7 Pounds are . 1 Clove . . . 1 cl.

2 Cloves. . : . 1 Stone . . . 1 st.

2Stone ....1Tod....1tod.

64Tods . ... 1 Wey ... 1 wey.

2Weys . ... 18ack ... 1sack.

12 Sacks . ... 1Last ... 1last
240 Pounds . .. 1 Pack . .. 1 pack.

III. TaBLe oF Troy WEIGHT.
A Grain is written 1 gr.
24 Grains are . . . 1 Pennyweight . . . 1 dwt.
20 Pennyweights . 1 Ounce . . .. ... 1 oz.
12 Ounces . . . . . 1Pound. ... ... 1 1b.
_ This weight is applied to gold, silver, common jewels,
liquors, &ec.: and is used in Philosophical Experiments.
The weights of the more valuable precious stones are

estimated by the Carat of 3] grains Troy, the carat being
divided into 4 grains, each of which is therefore equal

19 . .
to 3; of a grain Troy. See Article (224).
Aroturcaries WEIGHT,

20 Grains are . . 1 Scruple . . . 1 scr.or 1 ).

8 Scraples . .. 1Dram . ... 1dr. orl 3.
8 Drams . ... 1QOunce ... loz orl3.
12 Ounces . . . . 1 Pound. ... 11lb. or1 ib.

These subdivisions are employed by Apothecaries in
making up Medical Prescriptions, in which the latter
Symbols are used ; and the pound, ounce and grain are
the same as in Troy-weight. See Article (224).



xvl TABLES OF MEASURES.

IV. TasLE oF LiNEAL MEASURE.

An Inch is written 1 in.

12 Inchesare . . . ... .. 1 Foot ... 1ft
8Feet ........... 1Yard. .. 1yd
53Yards . ......... 1Pole . . . 1 po.
4 Polesor22yds ... .. 1 Chain . . 1 ch.

40 Poles or 220 yds . . .. I Furlong . 1 fur.
8 Furlongs or 1760 yds. . 1 Mile . . . 1 mi.

By this measure are estimated the lineal dimensions
of all magnitudes, with the exception mentioned below.
See Article (221).

CrLotH MEASURE.
4 Nailsare . . . . 1 Quarter . . .. 1qr.
4 Quarters . ... 1Yard ..... 1yd.

« This measure is used for all kinds of Cloth: and a
Nail, being a sixleenth part of 1 yard or of 36 inches, is
therefore equal to 2} inches. An Ell is 5 quarters in
England, but the Flemish and French Ells are ncarly
equal to 3 and 6 Englab.qnarters respectively.

To these the following table may be annexed, ex-
hibiting the magnitudes of certain measures frequently
mentioned in books, or used on particular occasions,

ALneis ......... flé Inch.
A Barleycornz. . . . ... 4 Inch.
APalm.......... 3 Inches.
AHand.......... 4 Inches.
ASpan .......... 9 Inches.
ACubit, ......... 18 Inches.
APace .......... 5 Feet.
A Fathom......... 6 Feet.
A Rod or Perch .. ... 54 Yards,

A League....-.... 3 Miles
A Ge8graphical Degree . 69; Miles.
A Link, being a hundredth part of a Chain, is 73

inches; and a Geographical Mile is a sizticth part of
a Geographical Degree.
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A Barleycorn or Grain of Barley is supposed to have
been the original Element of Lineal Measure, in the same
manner as a Grain of Wheat is said to have given rise to
the name of the Element of Weight.

V. TA.BLE oF SUPERFICIAL MEASURE.
A Square Inch is written 1 sq. in. or 1 in.

144 Square Inches are 1 Square Foot . 1 sq. ft. or 1 ft.
9 Square Feet . .. 1 Square Yard . 1 sq.yd.or 1yd.
30} Square Yards . . 1 Square Pole . 1 sq.po.or1 po.
A Square Rod of 272} square feet is used in estimating

Bricklayers’ work: and a Square of Flooring, Roofing,
&ec., is 100 square feet. See Article (203), &c.

LaNp MEASURE.

40 Poles are 1 Rood . . . . 1 ro.
4 Roods .. 1 Acre ... . 1ac

Also, 1210 sq. yds., or 25000 sq. links =1 Rood :
4840 sq. yds., or 100000 sq. links =1 Acre.
A Yard of land, and a Hide of land, terms often used
in former times, are generally supposed to have been

equivalent to 30 acres and 100 acres respectively, of the
modern admeasurement. See Article (219).

VI. TasLE oF SoLip MEASURE.

A Cubic Inch is written 1 cu. in. or 1 in.

1728 Cubic Inches are 1 Cubic Foot. . 1 ft.

-~ 27 Cubic Feet . . . 1 Cubic Yard . 1 yd.
A Load of rough timber is 40 cubic feet ; a Load of

squared timber is 50 cubic feet; and a Ton of Shipping is
42 cubic feet. See Article (208), &c.

VII. TaBLE oF MEASURE oF CAPACITY.

A Gill is written 1 gil.
4 Gills are 1 Pint . .. 1 pt.
2 Pints ., 1 Quart . . 1 qt.
4 Quarts, . 1 Gallon, . 1 gal.
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By this, measure liquids, corn, seeds, lime, &c., are
estimated according to the multiples in the following
Tables. See Article (222).

ALk AND Brer MEasure.
9 Gallonsare . ....... 1 Firkin . . . . 1 fir.
2 Firkins or 18 gals. . . . . 1 Kilderkin . . 1 kil
2 Kilderkins or 36 gals. . . 1 Barrel , . . . 1 bar.
15 Barrels or 54 gals, . . . 1 Hogshead . . 1 hhd.
2 Hogsheads . . ... ... 1 Butt . .. .. 1 butt.
2Butts . .......... 1 Tun .. ... 1 tun.

WiINE anD SririT MEASURE.
10 Gallonsare . . . 1 Anker . .. . 1 ank.

18 Gallons . . . .. 1 Runlet. ... 1 run.
42 Gallons . . . . . 1 Tierce . . . . 1 tier.
2 Tierces . . . .. 1 Punchcon . . I pun.
63 Gallons . . . .. 1 Hogshead . . 1 hhd.
2 Hogsheads . .. 1 Pipe . .. .. 1 pipe.
2 Pipes . ... .. 1 Tun . .... 1 tun.
CorN AND SEED MEASURE.
2 Quartsare . .. ...... 1 Pottle . . . 1 pot.
2Pottles . .......... 1 Gallon. . . 1 gal
2Gallons . . ... ...... 1 Peck ... 1pk
4Pecks............ 1 Bushel .. 1 bush.
2Bushels. .......... 1 Strike. . . 1 str.
2 Strikes or 4 Bushels . . . . 1 Coom . .. 1 coom.
2 Cooms or 8 Bushels . . . . 1 Quarter. . 1 gr.

5 Quarters or 40 Bushels . . 1 Load . .. 1 load
2 Loads or 10 Quarters . . . 1 Last . . . . 1 last.

A Sack of Flour is a quantity which weighs 20 stone
or 2801bs., and it is generally about 5 Imperial Bushels.
See Article (222).

Coar. MEASURE.
4 Pecks are . . . 1 Bushel.
3 Bushels . .. . 1 Sack.
86 Bushels . . .. 1 Chaldron.
21 Chaldrons . . . 1 Score.
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This table is of little use, as Coals are ngw sold by
weight, See Article (222).

VIII. TasrLkE oF MEraAsurk oF TimE.

A Second is written 1 sec. or 1”.

60 Seconds are . . . 1 Minute. . . 1 min. or 1.
60 Minutes . .. .. 1 Hour. ... 1hr

24 Hours . .. ... 1 Day . ... 1day.

7 Days ....... 1 Week ...1wk

On some occasions 28 days, which is nearly a Lunar
Month, ave called a Month : and a common year consists
of 12 Calendar Months: or of 12 Average Months of
304 days, nearly : or of 365 days, 6 hours : or of 52 weeks,
1 day, 6 hours: or of 13 lunar months, 1 day, 6 hours,
nearly : the odd day and hours being omitted in practiceg
and the numbers of days in the Calendar Months are
recollected by means of the following lin&s.

Thirty days have September,

April, June and November :

February twenty-cight alone :

And all the rest have thirty-one ;
Except in Leap-year, and then is the time,
When February's days are twenty-nines

For the History of the Calendar, see Article (227), &c.

IX. TaBLE oF ANGULAR MEASURE.
A Second is written 1 sec. or 1”.

G0 Seconds are 1 Minute. . . . . 1 min, or 1’.
60 Minutes . . 1 Degree. . . . . 1 deg. or 1°.
90 Degrees . . 1 Right Angle. . 1rt. ang. or 90°.

There are also denominations below seconds, called
thirds, fourths, &c., each being one siztieth part of that
which precedes it ; but they are generally expressed deci-
mally as parts of a Second. See Article (226).
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X. TapLk oF Numser, &c.

12 Units are . . ... .. 1 Dozen.
12 Dozen.........1 Gross.
20 Units ........ ”. 1 Score.
24 Sheets of Paper . .. 1 Quire.
20 Quires . . .. .. .. .1 Ream,
2 Reams . ........ 1 Bundle.
5 Bundles . .. .. . .. 1 Bale.

A long hundred is 120; a greal gross is 144 dozen :
but these, and many other denominations of a similar
kind, are rapidly going out of use.

The Student will consult his own advantage and
convenience by committing these ten tables to me-
mory, omitting such of the observations as may depend
upon principles beyond the extent of his progress in the
subject.
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ES AND PRACTICE

THMETIC.
CHAPTER 1.

DEFINITIONS, PRELIMINARY NOTIONS, NOTATION, NUMERATION,
AND FUNDAMENTAL OPERATIONS.

ARTICLE I. DEFINITION L

ARriTHMETIC is the Science which treats of magnitudes,
with reference to the consideration of /ow many or kow
-

Jenw.

2. Dgr.2. An Unit, or, as it is g%ﬁgrally called,
Unity, is the representation of a thing considered in its
individual capacity, without regard to the parts of which
it may be made up, and it is the Base or Element of all
arithmetical computations.

Thus, each of the terms, 2 man, a house, a pound,
&c., denotes one individual of its kind, being the same
as one man, one house, one pound, &c., respectively ; and
these are the bases or elements by means of which
sqperal men, several houses, several pounds, &c., may be
computed.

3. DEr.3. Number signifies a multitude or collec-
tion of ¢mo or more units, or denotes an assemblage of
two or more distinct objects of the same kind.

Thus, two men, three houses, four pounds, &c., which
are represented by the numbers, two, three, four, &c.
denote more than one individual of the same kind, the
single individuals being repeated twice, thrice, four
times, &ec., respectively. Numbers thus viewed are
termed Whole Numbers or Integers; and for the sake of
uniformity, the Unit is considered the first or least
integer.

H. A, 1
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4, Drr. 4. Numbers used to express one or more
individuals of specified kinds, are called applicate or
concrete numbers; whereas two, thete, four, &c., by
themselves, not particularizing the Mnds®ef individuals,
are termed abstract numbers. :

NOTATIONY, .

5. Der.1. Nolation is the nié%b_od of expressing
by certain symbols, or characters, any preposed number,
or quantity arithmetically considered.

6. Dgr.2. The Symbol or Representaiive of unit
or unity, is 1 ; but instead of other numbers being ex-
pressed by assemblages or multitudes of units placed
together, which would soon become embarrassing, other
characters or symbols have been invented, by means of
which every number however great, may be expressed ;
and instead of a different symbol being adopted for every
Gifferent number, which would soon become equally
inconvenient, gl numbers are expressed by means of
the following len symbols, or as they are usually termed
Figures, and sometimes Digits, which have their names
respectivcly annexed :

1 ’ 2, 3, 4‘, 5, 6) 7, 81 9’ 0:

one, two, three, four, five, fs1x, seven, cight, nine, zero:
the first nine of which are all defined by their names ;
and the last which is variously denominated Nought,
Cipher, or Zero, wheri standing by itsclf has no significa-
tion, or at most, denotes the absence of number, and i%
to be regarded mercly as an auziliary digit, for the pur-
poses hereafter to be explained.

7. Der. 8. Whenever a figure is placed on the
right of the same or any other figure, it has, by universal
agrcement, the effect of increasing the value of the last-
mentioned figure fenfold, at the same time that it retains
its own value.

Thus, beginning with the auxiliary digit 0, we have -
the following numbers and their representations:

10, 11, 12, 18, 14, &c.
ten, eleven, twelve, thirtcen, fourteen, &e.
20, 21, 22, &ec.

twent, twenty-one, twenty-two, &c.
y
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and it is obvious that by means of ¢wo figures, this kind
of notation may be continued till we arrive at minety-
nine, whose syabol will be 99. .

8. Drr. 4" Beyond this number, the use of iwo,
either the same or different figures, will not enable us to
go, but a repetition of the contrivance in the last Article,
will by means of more figures supply the defect.

Thus, supposing the effect of any figure’s being

laced on the right of symbols formed as above, to be to
increase all their values fenfold, we shall have

100, 101, 102, &e.
onc hundred, one hundred and one, onc hundred and two, &c.
so likewisc of succeeding numbers ; thus, we have
345, 586
three hundred and forty-five, five hundred and cighty-six:

and again, 099 will be nine hundred and nincty-nine,
which is the largest number capable of being expressed
by three figures. -

Here, the first figure on the right hand is said to
occupy the unils’ place, the second the place of tens, and
the third that of kundreds.

Of the auxiliary digit 0, the sole use is in the effect
specified in the last two Articles; and all figures to the
right of it will thercfore be unaffected by it.

9. Drr. 5. In estimating numerical magnitudes,
we proceed in order from hundreds, to thousands, tens of
thousands, and hundreds of thousands ; millions, tens of
millions, and hundreds of millions ; in precisely the same
manner as we have done above from unils to fens, and
from lens to hundreds.

.J0. DEF. 6. Agreeably to the principle of Argicle
(7), it is assumed that < any figure placed on the right
of one or more others, has the effect of increasing every
one of them fenfold without altering its own value;”
and this enables us to express with facility any number
whatever,

Thus,

(1) 1000 will represent One Thousand.

(2) 5493 will represent Five Thousands, four Hun-

dreds, and ninety-three.
1—2
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(8) 28456 will represent Twenty-three Thousands,
four Hundreds, and fifty-six.

(4) 172905+ will " represent Seveyg hundred and
twenty-nine T'housands, and fifty-four.

(5) 1803205 will represent One Million, eight hun-
dred and three Thousands, two Hundreds, and five.

(6) 52754081 will represent Thirty-two Millions,
seven hundred and fifty-four Thousands, and eighty-one.

(7) 473025004 will represent Four Hundred and
seventy-three Millions, twenty-five Thousands, and four.

11. If the first three figures beginning from the
right hand be denominated so many unifs, tens of unils
and hundreds of wnits, it follows that the next three
figures taken the same way will be thousands, tens of
thousands, and hundreds of' thousands: the next three in
order will be millions, tens of millions, and hundreds of
millions: and so on.

Whence, to express in figures any number proposed,
we have only to consider in which of these divisions
each part of it ought to be found, observing that threc
figures from the right must be taken to make each divi-
sion complele, before we proceed to the next.

Ex. 1. Express by means of figures ; Thirly-five
thousand, eight hundred and nincteen.

Here, eight hundred and nineteen belongs to the first
division on the right, and is written 819:

also, thirty-five thousand must be found in the second
division from the right, and is 35:

whence, the proposed number will be expressed by

35810.

*>
Tx. 2. Write down in figures the number ; Five
million, twenty-five thousand, six hundred and seven.

In this case, the first division on the right will be
607; the second will be 025, the digit 0 being affixed to
the left of the others without altering their values, to
make up the required number of three; and the third is
5: so that the expression required will be

502560T7.
Ex, 8. Express by figures the following number ;
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Five hundred and seventy million, two hundred and siz
thousand and fifly-four.

Iere, the t'*st division is 054, the 0 altering only the
values of the Mgures in the subsequent divisions: the
second division is 206, and the third is 570: whence
the number proposed is correctly expressed by

570206054,

12. This method of notation can never present any
difficulty, provided it be carefully remembered that
every division of figures as we proceed from the right
hand towards the left must be compleled as far as it is
possible; and by a little practice, we shall be enabled to
write down any number by beginning at the lgf hand.

Ex. To write down Siz hundred and thiricen mil-
lion, five hundred and nincleen, we observe that the
division of millions will be 613: that of thousands will
be 000, and that of units 519 : so that the number is
expressed in arithmetical symbols by

613000519.
13. Ezamples for Practice in Notation.

(1) Five hundred and ninety-eight.

(2) Seven thousand, eight hundred and four.

(3) Eighty-nine thousand and sixty-three.

(4) Six hundred and three thousand, two hundred
and forty.

(5) Nine million, forty-three thousand, six hundred
and two,

(6) TForty-five million, three hundred and eighty-
seven thousand and twenty-five.

(7) Three hundred and forty-nine million, four
thousand and sixty-five.

(8) One hundred million, ten thousand and one.

(9) Eight hundred and forty-two million, two hun-
dred and forty-eight thousand, four hundred and eighty-
four.

(10) Nine hundred and nine million, nine thousand:
and ninety-nine.

14.  As far as practical utility is concerned, we shall
scldom or mever have occasion to express by figures,
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numbers exceeding Hundreds of Millions ; but the sys-
tem of Notation admits of being extended so as to repre-
sent any number whatever. PY

Thus, instead of supposing that each division consists
of three figures, if we include siz figures as far as we
can in each division from the right hand, the first may be
regarded as so many hundreds of thousands of Unils ;
the next as so many hundreds of thousands of Millions ;
the next as so many hundreds of thousands of what are
called Billions, and the succeeding divisions, of so man
hundreds of thousands of what are termed Z7'rillions,
Quadrillions, &c.

Ex. To represent Ten thousand millions by figures ;
for the first division we have 000000, and for the second
10000, so that the representation required is

10000000000.

« 15. It wili be observed, from what has been said,
that each of the nine figares or digits, :

1, 2,8 4 5 6: 7, 809,

has an absolute value of itself, whereas the auxiliary digit
0 has no such value; and on this account the former are
termed significanl figures, in contradistinetion to the
last. It will moreover have occurred to the reader, that
every one of these significant digits, in addition to its
absolute value, which is fixed and certain, possesses also
a local value dependent upon the situation in which it is
placed ; thus, in the expression of the number,

Four thousand three hundred and twenty-one,

which will be
4821,

the 1 in the first place on the right hand, retains its ab-
solute value ; the second figure 2, in its situation denotes
two lens or iwenty ; the third is three hundred, and the
fourth is four thousand ; so that the local values of 2,3,
and 4 here, are respectively, fen times, a hundred times and
a thousand times, as great as their absolute values: and it
is the circumstance of assigning to each of the significant
figures a local as well as an absolute value, which confers
upon the system, the immense powers it possesses.
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NUMERATION.

16. Dgr. * Numeration is the art of reading or esti-
mating the value of a number expressed by figures, and
is therefore the reverse of Notation.

17. From the circumstance of every figure possess-
ing a local as well as an absolute value, it follows that
the value of each figure must be estimated by the place
which it occupies : hence, a figure standing by itself ex-
presses so many wunils ; a figure in the second place from
the right, denotes so many fens; a figure in the third
place, so many /undreds, and so on: consequently, if we
suppose any numerical expression to be divided into
periods, or portions each consisting of three figures as
far as they go, the figures of the period on the right will
be units, and tens and hundreds of units; those of the
next will be units, tens and hundreds of thousands ; those
of the third will be units, tens and hundreds of millions.;
and so on.

Thus,

(1) 25 is Twenty-five.

(2) 804 is Three hundred and four.

(3) 5287 is Five thousand, two hundred and eighty-
seven.

. (4) 60539 is Sixty thousand, five hundred and thirty-
nine,

(5) 207385 is Two hundred and seven thousand,
three hundred and eighty-five.

(6) 1789204 is One million, seven hundred and
thirty-nine thousand, two hundred and four.

(7) 85024376 is Thirt{-ﬁve million, twenty-four
thousand, three hundred and seventy-six.

(8) 275008005 is Two hundred and seventy-five
million, eight thousand and five.

In each of these instances we conceive the expres-
sion to be separated into periods of three figures each
as far as they go, beginning at the right hand: as in
275008005, we observe that 005 is the first period, 008
the second, and the third period is 275, each consist-
ing of three figures: that is, 275 denotes two hundred
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and seventy-five millions, 008 eight thousands, and 005
five units.

18. The last Article will be rendered more clear by

the following scheme, called the Numeration Table :

4
g i

: £ i E 4

A L

E &g £ E g 8 ® &2 £

§ = €& E§ 2 & & & E& =

9 8 7 6 5 4 3 o 1

9 8 7 6 5 4 38 2

9 8 7 6 5 4 3

9 8 7 6 5 4

9 8 7 6 5

9 8 7 6

: 9 8 7

9 8

9

wherein the local value of every figure in each of the
horizontal rows is pointed out by the name written
upmwards at the top of the whole: thus, in the third hori-
zontal line from the bottom, the fizures will be read
Nine hundred ard eighty-seven; and in the second line
from the top, Ninecly-eight million, scven hundied and
sizly-five thonsand, four hundred and thirly-two.

19. Ezamples for Practice in Numeration.

(1) 4320. (7) 20084216.
(2) 87054 (8) 179030284.
(3) 903756. (9) 321408653.
(4) 2714325. (10) 408076032.
(5) 8047328. (11) 814159265.
(6) 12870045. (12) 571268405.

20. We now proceed to the consideration of the
four fundamental Operations that can be performed upon
“numbers, which are those of Addition, Subtraction, Mul-
tiplication and Division, each of which will be defined,

explained and exemplified in its order. '
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I. ADDITION.

21. Der. Addition consists in finding a number
equal to two or more numbers taken together, and this
number is called their Sum.

Ex. 1. To find the sum of 2, 5 and 9 ; we see that
{mo units and five units taken together are seven units,
and these with nine units more, will amount to sixteen
units, which is written 16: and we have the following
Jorm :

2
5
9
16

Ex. 2. Add together the numbers 254, 893 and 487.

It would be absurd to collect into one sum, numbers
of different local values, as for instance, to say that three
unils and five fens amount to either eight unils or eight
lens; and we thereforc place the numbers to be added
together in such a form that each of the figures of the
same denomination may be in the same wertical line, as
on the left of the page:

Common Form. Eaplanation of Operation.
25 4 200 and 50 and 4
8938 800 ... 90 3
4 87 400 ... 80 7
21 1400 220 14
163 | 2oo o -~
- 1600 230

and then, as is seen in the operation on the right, we
have first added the unils together and thus have 14
units, or 1 ten and 4 units; we have next found the sum
of the fens to be 22, which with the 1 ten -before
obtained amount to 23 tens, or to 2 hundreds and 3 tens;
and lastly, we have obtained 14 hundreds, which toge-
ther with the 2 hundreds just found make 16 hundreds,
or 1 thousand and 6 hundreds: whence, thle entire
—5
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sum is 1 thousand, 6 hundreds, 3 tens and 4 units, or
1634.

The reasoning here used is thus applied to the figures
on the left of the page: thenumbers of tens and hundreds
found by adding the vertical columns of units and tens
are annered, or carricd to the columns of tens and hun-
dreds respectively, and they are kere put down under
them just above the horizontal line; but in practice
they are always omitted, by mentally adding them to the

, lowest figures of the next vertical rows.

22. To effect the operation of Addition, as appears
from these two instances, it is merely necessary to know
from memory or by practice, the sums of every two single
figures: and the reasoning above employed leads to a
gencral conclusion which is comprised in the following
Rule.

Rule for performing Addition.

. Place the numbers under one another in such a man-
ner that units may stand under units, tens under tens,
hundreds under hundreds, and so on, and draw a line
below all the horizontal rows of figures: then add up
the figures in the first vertical row on the right hand,
find the numbers of {cns and units in their sum, and put
down the number of units, whether it be zero or any of
the nine other digits: carry as many units as there are
lens thus found to the next vertical row, and add them
up as before, observing the numbcers of tens and unils
contained in the sum : place the number of unils under
the row added, and carry the number of lens to the next;
proceed in the same manner till the last row is added,
when put down the numbers both of tens and waits, as
there are no more figures of higher denominations.

23. To ascertain whether the operation is correctly
performed, various expedients might be resorted to; as
for instance, that of adding the numbers downmards in-
stead of upmards, which because the same set of numbers
cannot have two different sums, must give the same re-
sult: but the only one, with this exception, which does
not involve principles /ereafler to be explained, seems to
be that of omitting one of the horizontal rows of figures
in a second operation, and afterwards adding it to the
result of the rest obtained by the rule.
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Addition, Proof.

9358 4162

4162 8920

§920 6328

6328 19410
28768 9858
28768

Here, 28768 is the sum: and omitting the first hori-:
zontal row, we find the sum of the rest to be 19410, to
which the row 9358 being now added, produces 28768
the entire sum: whence we infer with some degree of
probability, that the addition is correct: and this proba-
bility may be further increased by repeating the opera-
tion, with the omission of any horizontal row of figures.

24. Ezamples for Practice in Addition. i
(1) 90 (2347 (37153 (429051

45 238 2857 73826
73 410 4105 57295
(5) 84 (6)293 (7)4028 (855296
7 75 354 100
29 409 95 5875
18 3 2076 24658
9) 73 (1002385 (11) 736 (12)253885
2 4 97 400 9062 4
9 958 4159 87653
251 6 4 47 40706
48 186 7204 97341

(18) Add together 432, 8076, 458 and 5431.

(14) Add together 72858, 27621, 45760, 820547
and 71425.

(15) Add together 205087, 32471, 20185, 1475 and
278.
(16) Find the sum of 72638504, 27836, 7805, 5271
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and 1468357 : and prove it to be correct by the omission
of each horizontal row in succession.

(17) Find the sum of Twenty-five million and four ;
" Forty-secven thousand, two hundred and ninc; Three
" hundred million, ten thousand and onc; Sixty-five thou-
sand and eighty-seven, and Five million and fifly : write
it down in words; and apply the ordinary proof of its
being correct.

25. Der. It is usual, in the applications of Arith-
metic, to express the operation of Addition by signs
invented for the purpose: thus, the sum of 4 and 5 is
expressed in the form,

4+5=9,
wherein the sign + between 4 and 5 denotes the addition
' of the latter number to the former, and is read plus, or
* more by ; and the sign = between 5 and 9 expresses the
, result of such addition to be 9, or the equalily between
the sum of the numbers 4 and 5 and the number 9: so
tnat the arithmetical expression

4+5=09,
is read
4 plus 5 equals 9.
Similarly, 2 + 3 + 7 25+ 7 = 12, shews the sum of the three

" numbers 2, 3, 7, to be 12. So, in Ex. 2, of Article (2I),
we have 254 + 893 + 487 = 1634, expressive of the opera-
tion there performed.

II. SUBTRACTION.

26. Der. Sublrarction consists in finding low muckh
one number exceeds another, and the excess is styled
the Remainder or Difference. The greater of the pro-
posed numbers is called the Minuvend, and the less the
Subtrahend.

Ex. 1. Find the difference of 7 and 2.

Here, it is evident that 7 units being equal to 2 units
. and 5 units taken together, if we withdraw or subtract
the former, we shall have 5 units for the remainder or

difference; and the operation is written in the form:
‘ 7
2

5
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Ex. 2. To subtract 19 from 37, we place the figures
as in the last example, and have :

Common Form. Explanation of Operavion.
37 20 and 17
19 10 ... 9
18 ~ 10 ... 8

Here, the figure in the units’ place of the upper line
being less than that in the lower, it is impossible to sub-
tract the lower from the upper: but by considering, as
on the right of the page, the 7 as 17 by taking one of
the units from the 3, we find the excess of 17 above 9 to
be 8, which is put in the units’ place of the remainder,
and then we have to take away 1 from 2 instead of 3, in
consequence of having regarded the 7 as 17: hence the
remainder in the tens’ place will be 1, and the difference
of the two numbers is 18.

The figure in the lower line being greater than that
in the upper, we have borromed ten units of the neat
denomination; but the same result is obtained whether
we suppose 1 to be subiracted from the upper line, or
added to the lower, as the remainder will evidently be
the same on both suppositions. In practice we add ten
units of any denomination to both the quantities con-
cerned ; to the upper as ten of that denomination, and to
the lower as one of the next superior denomination, and
by this contrivance the remainder is unaffected.

27. Hence it appears to be necessary to recollect the
differences of every two numbers less than 20: and the
reasoning being applicable to all other instances, the
result of it may be embodied in the following Rule.

Rule for performing Sublraction.

Place the less number under the greater, so that
units may stand under units, tens under tens, and so
on; begin at the units’ place and subtract each figure in
the lower line from that in the upper, taken by itself, or
increased by 10, according as it is greater or less than
the said figure in the lower line, and put down the
remainder ; observing that whenever fen units have been
borromwed, or added to the upper line, one unit must be
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carried, or added to the next denomination in the lower
line,

28. Subtraction being the reverse of Addition, it
follows, that if we add together the remainder and the
less of the numbers proposed, the sum ought to be equal
to the greater ; and the operation of subtraction may be
presumed to be correct when this is the case: thus,

Subtraction., Proof.
9 6 2 8 the Minuend: 6 7 5 9 the Subtrahend:
6 7 5 9 the Subtrahend: 2 8 6 9 the Remainder:

2 8 6 9 the Remainder: _(—)_6'2 8 the Minuend:

where the last result is the same as the greater of the
numbers proposed ; and thence we infer that the oper-
ation has been correctly performed.

29. Ezamples for Practice in Subtraction.

(1) 14 @ 79 (8 428 (4 7046
8 45 274 807

(5) 62831 (6)54265T7 (71)204087
48072 214958 76498

(8) What is the excess of 12795 above 8096 ?

(9) From 9261274 take 2548298.
(10) Find the difference of 20470932 and 80476325.
(11) How much greater is 12785462 than 1842567 ?

12) Required the excess of Three hundred and five
million, two hundred and four, above Seventy-five thou-
sand, three hundred and eighty-siz.

30. Der. The operation of Subiraction, is indicated
or expressed by the sign—, which is read minus, or
less by, with the use of the sign=; thus, the excess of 7
above 8, will be expressed in the form,

* 7 - 8= 4':
which is read
7 minus 3 equals 4:
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where the sign — between 7 and 8 denotes the sub-
traction of the latter from the former, and the sign = be-
tween 3 and 4 shows the equality of the excess to 4.

III. MULTIPLICATION.

3l. Der. Multiplication consists in finding the
amount of a number, when repeated any number of
times, and this amount is termed the Product. The
former of these numbers is called the Mulliplicand, and
the latter the Multiplicr.

Ex. 1. To multiply 7 and 42 by 4 and 5 respec-
tively, being to find the sums arising from the numbers
7 and 42, four and five times repeated, we may delermine
the products as underneath;

42
42
42
42
42

210

=

Imiﬂqqq

but the operations are expressed more briefly, as follows:
42

4 5
28 210

Ex. 2. Find the products arising from the multipli-
cation of 256 by 10, 11 and 12 respectively.

By Article (10) we know that 256 will become fen
times as great by merely affixing to the right of it the
auxiliary digit 0, and thus we have the following opera-
tion:

2 5 6 the multiplicand:
1 0 the multiplier:

2 5 6 0 the product.
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To multiply 256 by 11, we consider that 11 being
equal to 1 and 10 together, the product will be equal to
the sum of 250 taken one and ten times: thus,

2 5 (=256 taken once,
2 5 6 0 =250 taken {cn times,
(

5 = 250 taken eleven times:

that is, 2816 is the product of 256 by 11: and the omis-
sion of the 0 on the right of the fourth line in the oper-
ation, can cause no inconvenience, as the places of the
succeeding figures adequately determine their values.

To find the product of 256 by 12, 256 must be taken
tmwice and len times together, and we have

: 256
12
25 6}= 256 taken twice,
2560
2 56 0 =256 taken len times,
3072 =256 taken {melve times:

whence, the product of 256 by 12 is 3072, the obser-
vation above made holding good with respect to the
omission of the 0 at the end of the fiflk line.

32. From the mode in which the results above
have been obtained, it is manifest that Multiplication is
merely a compendious method of performing the addition
of two or more equal numbers: and the following
scheme, which is termed the Multiplication Table, pre-
sents at one view the product arising from the multipli-
cation of any two numbers not exceeding 12; and
thongh the products of the nine digits form the basis
of those of all numbers whatever, it is here extended
for the sake of practical convenience, and should be
carefully committed to memory.
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THE MULTIPLICATION TABLE.

1| 2] 8] 4] 5 6] ’s! o101

14| 16

<

2| 4| 6 8'10 12

]8;20‘22‘24

3| 6| 9 12|15 18'21 24 27i30|33 36

4| 8|12 16‘20 24 | 28 | 32 36'40'44‘48

5110115]20|25 |30 (36|40 | 45 | 50

55 | 60

60 ‘ 66 | 72

6|12 |18 24‘30 36'42 48 | 54

714 21!‘.’8

35 | 42 49‘56 63l70l77i84

8116 24’32‘40 48 | 56 | 64 72]80 88 | 96
i 1

45 | 54 | 63 | 72 | 81 | 90 | 99 | 108

9 ]8‘27\36

10 | 20 | 30 I 40 | 50 l 60 | 70 | 80 | 90 | 100|110 120

|

11 ] 22

55

|
331 44

|
66 | 77 8ui99 110|121 132

12 241361 48 | 60! 72 | 84| 06 | 108| 120! 132} 104

In this table, the first horizontal line consists of the
first twelve numbers in order: the second consists of the
products of the same numbers when multiplied b,_{ 2:
the third contains their products when multiplied by
3: the fourth when multiplied by 4, and so on: and the
table is repeated in the following manner.

Thus, to make use of the sccond line of figures, we say

twice 1 are 2, twice 5 are 10, twice 9 are 18,
twice 2 are 4, twice 6 are 12, twice 10 are 20,
twice 3 are 6, twice 7 are 14, twice 11 are 22,
twice 4 are 8, twice 8 are 16, twice 12 are 24.

Ex. 1. Let it be required to multiply 845 by G:
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then, since the product of 854 by 6 is evidently equal to
the sum of the products of all its parts, namely, 800 and
50 and 4, by 6, we have
85 4
6

2 4 =product of 4 by 6:
3 0 0=product of 50 by 6:
4 8 0 0=product of 800 by G:

5 1 2 4=product of 854 by 6.

In practice, we mentally combine into one sum, the
figures of all these products as they arise : thus, first mul-
tiplying 4 by 6, we find the product to be 24 by the
table; and having placed the 4 units under those of the
quantity proposed, we carry the 2 /ens to the product of
5 by 6, which is here 30 tens, and thus obtain 32 tens;
‘whereof the 2 being put under the fens’ place, and the
3 being carried to the product of 8 by 6, or to 48 hun-
dreds, the cntire number of hundreds is 51; and the
whole product is 5124.

Ex. 2. Multiply 486 by 357.
Here, proceeding with each of the figures 7, 5 and
3, according to the last example, we have

486
357

8 4 0 2=product of 486 by 7:
2 4 3 0 =product of 486 by 50:
1458 ° =product of 486 by 300:

17 3 5 0 2=product of 486 by 357.

In this instance, the sifuations of the figures in the
fourth and fifth lines render them equivalent to the pro-
ducts of 486 by 50 and 300 respectively, without supply-
ing the auxiliary digits 0.

If one or more of the figures of the multiplier be 0,
it is evident that the corresponding partial product
will be 0, and the lines may be entirely omitted after
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placing down each 0 once, to give the proper value to the
product arising from the next figure.

33. The reasoning here employed being indepen-
dent of the examples made use of to illustrate it, we are
enabled to lay down a Rule in the following words.

Rule for performing Muliiplication.

Place the multiplier under the multiplicand, as be-
fore, and draw a line under the whole: multiply every
figure in the multiplicand by the figure in the units’
place of the multiplier, observing to carry to the next
product the number of fems in that arising from the
multiplication of any of the digits in the multipli-
cand, and to place down the wunits under the figure
multiplicd, till the last product is obtained, which place
down in full: proceed in the same manner with the
figure of the multiplier in the tens’ place, the figure on
the right of this product being placed under the said
figure; then with the figures in the succeeding places;
add these products together, and the sum will be the
entire product.

34. If the multiplicand and multiplier change places,
the product must be the same as before, otherwise the
same numbers would have more products than one; and
if the products be the same, we have some proof that
the operation has been correctly performed in each case.
Thus,

Multiplication. Proof.
875 427
427 875
6125 s pa— 8
6125 M 2185 4\,
1750 3 2989 )
3500 3416
373625 873625

The best practical proof of this operation by Casting
oul the Nines,” depends upon that of the zezt subdivision:
but we will enunciate the Rule, and apply it to this
example, in the form usuall adopted. “ Find the
sums of the figures in the Multiplicand and Multiplier,
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and determine the Remainders when divided by 9: then,
if the remainder arising from dividing the product of
these {wo remainders by 9, be the same as that which
arises from dividing the sum of the digits in the final
result by 9, the operation has probably been correctly
performed.”

Thus, in the instance above, the sum of the figures
in 875 is 20, and the remainder is 2: in 427, the sum
of the figures is 13, and the remainder is 4 ; therefore
the remainder arising from dividing the product of 2
and 4 by 9 is 8; and there is also a remainder 8, if we
divide the sum of the digits comprised in 875625 by 9.

The remainders are placed as above, and the reason
of the rule will be given in the Appendiz.

Abbreviations of Multiplication.
35. The ordinary process of Multiplication may be
shortened or facilitaled, as in the following instances.
Ex. 1. Multiply 257 by 6400, and 790 by 8300.

Here, omitting the ciphers on the right, or supposing
them to be omitted, we have

257 790

6400 8300
1028 237
1542 632
1644800 6557000

where the ciphers are annczed at last to the right of the
products obtained in the ordinary way, to give the other
figures their proper local values.

Ex. 2. Required the product of 537 by 63.

Here, 63 being the product of 7 and 9, it follows
that 7 times any number ¢ times repeated, is the same as
63 times that number : whence, we have

537
7 times 0=03
3759
9
3 3 8 3 1=the product.
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To multiply 476 by 47, we have these operations:

476 476

9 8

428 4 3808
5 6
21420 22848
952 476
2231782 22372

in the former of which /wice 476 is added, and in the
latter once 476 is subtracted, in order that 476 may be
repcated 47 times, exactly.

36. The same mode of reasoning and similar opera-
tions may be used to find the product of more than two
numbers, which is called the Continued Product of so
many Faclors.

Ix. To find the product of 3, 5 and 47,

multiply 3
by 5

15 is the product:
again, multiply 15
by 47
105
60
705 is the product: that is,
705 is the continued product of the factors 3, 5 and 47.

37.  Ezamples for Practice in Multiplication,

(1) 284 @ 1475 3 2867
2 3 4

(4) 78543 (5 41087 (6) 942763
5 6 7
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(18536274 (8)3216795 (9)1468725
8 9 .11

(1006283195 (11)21584 (1208926 5
12 T 39

(18) 921846 (14) 827941 (155086927
158 376 495

(16) 279420 (17) 254037 (18) 4785328
7850 2980 7802

(19) Multiply 123456789 by each of the numbers
2,3, 4,5, 6,7, 8 and 0.

'(20) Find the product of 47691 and 27: of 28573
and 35: of 716281 and 48: of 129385 and 60 : of 138476
and 81: of 480765 and 97, and of 8241763 and 123.

- (21) Required the continued product of 4, 7 and 25:
of 13, 15 and 17: and of 35, 29, 43 and 87.

38. Drr. The operation of Multiplication is ex-
pressed by the sign x, which is rcad into, or mulliplicd by :
thus,

5x7=35

denotes the result of the multiplication of 5 by 7 to be
35:
so, again, 4 x 5 x 13 expresses the continued product of
4, 5 and 13, which ;

=20 x 13 =260:
and we have

(8+3) x (7T-2) = 55,

expressive of the product of the sum of 8 and 3, and
the difference of 7 and 2, which may be more briefly

written
11 x 5 =55.

IV. DIVISION.

39. Der. Division consists in finding how many
times one number is contained in another, and the num-
ber of such times is termed the Quofient. The former
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of these numbers is called the Divisor, and the latter
the Dividend.

Ex. 1. To divide 6 by 2, and 219 by 52 respectively,
we must obviously take the latter numbers from the
former in each case, as often as we are able, according to
the principle of Subtraction before explained : thus,

219
52

167
52

115
52

63
52
11

|[o|ww|on e

so that after three subtractions in the former case, thereis
no remainder, whereas in the latter, four such operations
leave a remainder 11: that is, 2 is contained in 6, three
times cxacily; but 219 divided by 52 gives 4 for the
quotient, with 11 for the remainder : and the Pprocesses
are made to take the following forms : )

2 )6 52)219 (4
- 208
3 -
— 11

|
| il
From these instances of what are called Skort and
Long division, it follows that Division is the reverse of
Multiplication: and hence, by a reversed process, the
Multiplication Table must furnish the means of obtain-
ing the quotient.
Ex. 2. If we multiply 849 by 215, the product is
75035 : and therefore, the tlotient of 75035 when divided
c

by 349 must be 215, which will be found by reversing
the operation as follows:
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349)750835(215
6 9 8 =product of 349 by2 denoting 200 units:
528
8 4 9 =productof 349Dy 1 denoting 10 units:

1745
1 7 4 5=product of 349 by 5 denoting 5 units.

Here, the first figure 2 in the quotient is obtained
by inquiring how often 3 is contained in 7, or 34 in 75:
then, after multiplying 349 by 2, which, from the places
of the figures, represents 2 hundreds, and subtracting the
product which is 698, from 750, we have a remainder 52 :
to this the next figure 3 of the dividend being annexed,
we seek how often 3 is contained in 5, or 34 in 52, and
this quotient being 1, 1 fen is annexed to the 2 kundreds
already obtained: multiplying and subtracting as before,
we bring down the last figure 5 of the dividend, and find
the corresponding quotient to be 5 units exactly ; and the
operation is then completed, leaving no remainder.

In this example, the dividend has wvirtually been
broken up into parls each exactly divisible by 349, as
will appear by supplying the auxiliary digits in the
form of Long Division : thus,

Divisor. Dividend. Quotient,
349)69800+3490+1 745(200+10+5
690800
+3490
3490
+1745
1745

or, in the form of Short Division, as below :
Dinisor. Dividend.
349)690800+3490+1745
200 + 10 + 5 Quotient.

40. The principles of the reasoning here employed
may be embodied in the following general Rule.



DIVISION OF INTEGERS. 25

Rule for performing Division.

Place the divisor and dividend in the same line,
separated by a small curved line; and on the right of
the dividend draw another line of the same kind ; in-

uire how often the first one or two figures on the
left hand of the divisor are contained in the first one or
more of those of the dividend, and place the result on the
right as the first figure of the quotient : and the product
arising from the multiplication of the divisor by this
figure being subtracted from the dividend, bring down
or anner to the remainder the next figure of the divi-
dend and let the same kind of operation be repeated till
every fgure of the dividend is disposed of; then the
quoticnt, and the remainder if any, will be ascertained.

Tf the divisor do not exceed 12, these operations may
he performed mentally, the quotient and remainder being
placed in a line immediately under the dividend.

41. Since the quotient is the result arising from the
division of the dividend by the divisor, it follows that the
dividend must be the product arising from the multipli-
cation of the divisor by the quotient, or of the quotient
by the divisor: also, it there be any remainder, it must
evidently be added to this product to produce the true
dividend, since the whole is equal to the sum of all its
parts ; and hence we have a method of shewing whether
the division has been correctly performed, or not.

Ex. Find the quotient and remainder when 275487
is divided by 736.

Division. . P.roaf.

"36)275487(374 874

2208 736

5468 2244
5152 1122
3167 2618

2944 27526 4
- - 2

2238 23

—_—— : 275487 R
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The easiest proof of this operation, is that of adding
together the figures of the remainder and the partial
products of the divisor in vertical lines, since the sum
thus formed ought manifestly to be equal to the divi-
dend when the work is right, as in the following form
which is omitted in practice. See the Appendiz.

2208
5152
2044
223

275487 the dividend.

Abbreviations of Division.

42. The operation of Division may, in particular
cases, be made to comprise fewer figures, or to take up
less room, by such considerations as follow.

Ex. 1. To divide 20578290 by 34500, we have
Divisor, Dividend. Quotient.
34500)20573 2,90&596

1725

3323
3105

2182
2070

11290 remainder;

mwhere after the two ciphers in the divisor and the two
Sigures 90 in the dividend are cut off, the operation is
effected by the ordinary method, the said two figures of the
dividend being annexed to the remainder at last, inasmuch
as 112 from the places of the figures is equivalent to
11200.

Ex. 2. Divide 792415 by 72.
Here, since 72 is the product of 8 and 9, it is obvious,

from Ex. (2), of Article (35), that the quotient may be
obtained from successive divisions by 8 and 9:
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'8)792415
.9 ) 9905 1, 7 first remainder:
"~ 1100 5, 6 second remainder:

72

and we have now only to deduce the true remainder from
the {wo remainders just found.

The dividend at first being so many units, the first
remainder 7 must be units; but the second dividend
being the result of the division by 8, must be regarded
as so many times 8, and the second remainder will
therefore be 6 times 8, or 48 unils : whence, the true
remainder will be

6 x 8+ 7 =055 units:
and we may lay down a rule in the following words.

In dividing by ¢wo numbers, instead of one equal to
their product, the {rue remainder is equal to the product
of the last remainder and the first divisor, together with
the first remainder.

43. Ezamples for Practice in Division.
(1) 2)348 (2 3)4- 96 (3) 4)276284

(4) 5)84875 (5)6)58844 (6)7)536074

(1) 8)95832417 (8) 9)71638258651

(9) 10)3158367  (10) 11)1284567890

(11) 12)9876543* (12) 23)144157246{

(13) 87)4707325G6( (14 549)48310567(

(15) 7038)140167329( (16) 7900)2 5413286 (

(17) 5750)8327970( (18) 1480)64157600(

(19) Find the Fuotlent of 76294 by 32: of 729518 by
49: of 8015473 by 66, and of 4050873 by 121 ; and prove
the correctness of the operations.

2—2
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44, The operation of Division is expressed by means
of the sign + and sometimes :, which is read by, or
divided by ; thus,

42+7=6
implies that the result of the division of 42 by 7is6:
again, (70-7) + (4+ 5) is equivalent to 63+9=7.

MEASURES AND MULTIPLES.

45. Dgr.1. A Measure of a number is any number
which divides it without a remainder ; as 4 is a measure
of 24, because it is contained exactly 6 times in 24,

It is said to measure the number by the wnrils con-
tained in the quotient. All numbers have 1 for a mea-
sure ; those, whereof 2 is a measure, are called even num-
bers, admitting of being divided into two equal parts;
and all other numbers are termed odd numbers.

46. Drr.2. A Common Measure of two or mare
numbers is any number, which will divide each of them
without leaving a remainder ; and the greatest of such
measures is called the Grealest Common Mcasure, or
Greatest Common Divisor : thus, 8 is a common measure
of 18 and 30 ; whereas 6 is their greafest common mea-~
sure, being the greatest number capable of dividing each
of them without a remainder.

47. Dgr. 3. An Aliquot Part of a number is any
measure of it.

48. Drr. 4. A Mulliple of a pumber is any number
which is divisible by it, or contains it an exact zumber
of times ; as 108 is a multiple of 12, because 12 is con-
tained exactly 9 times in 108.

49. Dgr. 5. A Common Multiple of two or more
numbers is any number which is divisible by each of them
separately ; and the Least Common Multiple is the least
number that can be divided by each of them without a
remainder: as 24 is a common multiple of 3 and 4,
because divisible by both of them ; whereas 12 is their
least common multiple, because it is the least number that
both 3 and 4 can divide without leaving a remainder.

50. Drr.6. A Composite Number is one which
arises from the multiplication of ¢wo or more other num-
bers :termed Factors ; and it is thus distinguished from
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an Incomposite or Prime Number, which cannot so origi-
nate: as 22 is a composite number, because it is equal to
the product of the factors 2 and 11; but 11 is an incom-
posite or prime number, because the multiplication of no
two or more factors will produce it, unity, which is merely
the element of number, being excepted.

51. If one mumber measure each of iwo others, it
will measure their sum and difference: also, any mul-
tiples of each, their sums and differences.

Thus, 4 is a common measure of 20 and 12 ; and

their sum=20+12=32=4x§:
their difference=20-12=8=4f2:
a multiple of 20 =20 x 5=100=4 x 25:
a multiple of 12 =12 x 7 =84=4x21:
cach of which evidently comprises the number 4 as a
measure or factor: and similarly of more numbers,

52. To find the greatest common mecasure of two
numbers.

Let the numbers proposed be 63 and 168: then
resolving each of them into its prime factors, we have

()'3=7x.9=7x3x3".
168=Tx24=Tx3x8=7Tx8x2x2x2:
and the greatest common measure is evidently 7x 8 or
21, because 3 and 2 x 2 x 2 or 8 have no common factor:
and employing the principles of the last Article, we ob-
tain the same result by the following form :
63)168(2
126G

42)63 (1
42

21)42(2
42

where 21 the last Divisor is the greatest common mea-
sure: and we have hence the following Rule.
Ryule for finding the Greatest Common Measure.

Divide the greater of the numbers by the less, and
then the divisor by the remainder: repeat this opera-
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tion till there is no remainder, and the last divisor will
be the greatest common measure.

To ascertain the greatest common measure of three
or more numbers, find the greatest common measure of
any two of them: then that of this greatest common
measure and another of them: and so on to the last.

Ezxamples.
(1) Required the greatest common measure of 4283571
and 999999.
Here, 428571)999999(2
857142

142857)428571(8
428571

therefore 142857, being the last divisor, is the greatest
common measure.

(2) What is the greatest common measure of the
numbers 12, 42 and 63 ?

Here, by inspection, 6 is the greatest common measure
of 12 and 42 ; and to find that of G and 63, we have

6)63(10
60

T3)6 (2
6

therefore, 3 is the common measure required.

(8) Determine the greatest factor common to 741,
1131, 1183 and 1989.

Proceeding by the directions of the rule, we have
741)1181(1

741
390)741(1
890
851)390(1
351

'89)3851(9
351
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or, 30 is the greatest common measure of 741 and 1131: -
and to find that of 39 and 1183, the process will be :

39)1188(80
117

13)39(3
39

or, 13 is the greatest common measure of 741, 1131 and
1183:
whence, 13 is the factor to be determined, since it also di-
vides 1989 without a remainder.

In the second example, it is immaterial in what order :
the numbers are taken ; and in the last instance it will be
found that the number required is the greatest common

measure of the common measures of cvery fwo of them
that can be selected.

Ezamples for Practice.

(1) 9 and 24. (2) 126 and 144.

(8) 8556 and 3444. (4) 5187 and 5850.
(5) 6441 and 10283. (6) 18667 and 14186.
(7) 48365 and 44688. (8) 11050 and 85581.

(9) 109056 and 179712.  (10) 16, 24 and 140.
(11) 13338, 14136 and 15903.
(12) 204, 1190, 1445 and 2000.

53. The following remarks will be of service in
making use of the last rule.

If the figure in the units’ place be divisible by 2,
the number is divisible by 2.

If the figures in the units’ and tens’ places be 4, or
be divisible by 4, the number is divisible by 4.

If the figures in the units’, tens’ and hundreds’ places
be 8, the number is divisible by 8. '

If the sum of all the figures be divisible by 8 or 9,
the number is divisible by 3 or 9.

If the figure in the units’ place be 5 or 0, the number
is divisible by 5.

If the sums of the alternate figures beginning at
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either end be equal, or one sum exceed the other by 11,
or by any multiple of it, the number is divisible by 11.

54. To find the least common multiple of imo
numbers.

To find the least common multiple of 18 and 30,

. we observe that
18=6x3 and 30=06 x 5,

so that the least number which contains them both
exactly is evidently 6 x 3 x 5 =90, or the product of 18
and 30 divided by 6 their greatest common measure:
and hence we have the following Rule.

Rule for finding the Least Common Multiple.

Multiply either of the numbers by the quotient
arising from dividing the otker by the greatest common
measure, and the product will be their least common
multiple.

. It there be more than two numbers, proceed in the
.same way with the least common multiple of any two
of them and the third: and so on, till they are all taken.

Ezamples.

(1) What is the least common multiple of 209 and
'.804?
‘' Here, we have the operations below :
! 209)30411

209
95)209(2
190
19)95(5
95

* so that 19 is the greatest common measure of the num-
,,bers proposed: and the number required will there-
, fore = (209 x 304) + 19 = (209 = 19) x 304 =11 x 304,
or, = (804 x 200) + 19 = (304 + 19) x 209 = 16 x 209:
-both of which being multiplied out, amount to 3344.

' (2) Determine the least common multiple of 64,
250 and 432.

1. The greatest common measures of 64 and 250 is 2,
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and their least common multiple is 8000: the greatest
common measure of 8000 and 432 is 16, and the least
common multiple of the three numbers proposed will
therefore be 216000 : and, as in the preceding Article, the
order in which the numbers are taken will have no in-
fluence upon the result.

Lzxamples for Praclice.

(1) 12ande7. (2) 289 and 323.

(3) 849 and 1182. (4) 8,4 and 16.

(5) 24, 89 and 376. (6) 12, 15, 85 and 56.

55. When the least common multiple of several
numbers is required, and no measures common to any
two or more of them appear at first sight to exceed 12,

-the easicst method is to place the numbers in a row,
and to divide such of them, as admit of it, by the primes,
or prime numbers 2, 3, 5, 7, 11, repeated when it can be
done, as offen as possible: then, the product of all these
divisors and the numbers in the last line, will be the
least common multiple,

Thus, to find the least common multiple of 2, 3, 8,
9, 15, 21 and 35, we shall have the following scheme :

2)2,8,8,9, 15, 21, 85

2)1,3,4,9, 15,21, 85
3)1,5,2,09,15 21,35
5)1,1,2,3, 5, 1,35
7)1,1,238 1, T, T

1,152,8, 1, 1, 1

and the least common multiple is
2x2x83x5x7x2x8=2520.
This Rule is founded upon Article (51); very little at-
tention is required to see the reason of it, and the follow-
ing examples will furnish its practice.
Examples ofor Practice.

(1) 3,59. (2 89,12 18. (5) 6,15, 27, 35.

(4) 8,9,7, 15,28, 42. (5) 8, 18, 28, 36, 54, 72, 90,

General proofs of all that has been said here, may be
found in the Author’s Elements of Algebra. o

5

L]



CHAPTER IL

APPLICATION OF ARITIIMETIC TO NUMERICAL MAGNITUDES
OF VARIOUS DENOMINATIONS, NOT CONNECTED BY THE
BASE OF TIIE COMMON SYSTEM OF NOTATION,

56. In the preceding Chapter we have considered
only such abstract numbers as are formed by figures
whose local values are always regulated by the same
fixed number ten: but the rules given are easily ex-
tended to concrele magnitudes wherein the local values
of the figures are connected by more numbers than
one; as for instance, to Pounds, Shillings, Pence and
Farthings, where four farthings are equivalent to one
penny, which is the next higher denomination; trelve
pence to one shilling, which is the next denomination in
order ; and twenty shillings to one pound: the different
numbers 4, 12 and 20 connecting the denominations,
in the spme manner as the fized number 10, was sup-
posed to connect the denominations of Integers.

The processes employed in cases of this nature are
Reduction, and the fundamental operations then called
Compound Addition, Compound Subtraction, Compound
Mudtiplication and Compound Division, cach of which
will be exemplified in order: and the Tables by means
of which they are conducted, will be found at the be-
ginning of the work.

REDUCTION,

57. DEr. Reduction is the converting or changing of
numerical quantities, from one or more denominations to
one or more others, such that the real or absolute values
shall remain unaltered: and #s operations will evidently
depend upon the principles already explained.

Ex. Reduce £25. 13s. 6§d. into farthings; and per-
form the converse operation.

The correctness of the following operations will be
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manifest from the explanations annexed to their several
steps, which are omitted as unnecessary in practice ;

Direct Operation.
L. s d.
25.18 -6’2 Converse Operation.
20s.=1 pound: Jar.
£ s d 1d.=4f.)24651
518s5.=25.13.0. 1.&‘.'—'—12(1.)9_162-*;l
1 2d-= 1 Shilling: £l.=2os.) 518. 6
6162d.=25.138.6. £25-13-6%-
4f.=1 penny : _—
246511 =25.18. 63

Here, the denominations are separated by a point as (.);
and this is necessary to distinguish them from ordinary
numbers, which do not require it, because their local
values are all fixed and certain : and each of these ope-
rations may be regarded as a progf of the other.

58. The former process is called a descending, and
the latter an ascending reduction, and they lead respec-
tively to the following rules. :

Reie I To reduce quantities from higher to lower
denominations, multiply the highest denomination by the
number which connects it with the next inferior, and to
the product add the number of the inferior denomination
in the quantity propostd ; and repeat this for each suc-
ceeding denomination till the required one is obtained.

Rure II. To reduce quantities from lower to higher
denominations, divide them by the numbers which con-
nect the different denominations in order, and annex the
remainders at each step, so as to retain the denominations
of the dividends from which they respectively arise.

Ex. How many half-crowns are there in £253,
9s. 10d.?

Here both the rules are requisite, and we have the
following operations:
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£ s d
253.9.10
20
5069s.
12

1 half-crown = 30d. )60838d.
half-crowns 2 02 7 . 28d.:
: that is, the proposed sum is equivalent to 2027 half-

. crowns with 28d. or 2s. 4d. remaining ; and this result is
, verified by reversing the process: thus,

* half-c. d.
2027.28.
30

12)60838d.
20)5069.10d.

22 58.9.10d.

Ezamples for Practice.
(1) Reduce £71. 18s. Gid. into farthings; and
:verify the result.
Answer: 66810 farthings.
(2) Find the number of farthings in 95 guineas
17s. 93d.: and conversely.
Answer: 96615 farthings.

(8) Reduce £295. 18s. 33d. to farthings; and prove
.the reduction.

Answer: 284079 farthings.
(4) Find the number of pounds, &c., in 415739
farthings; and prove the operation.
Answer: £433. 1s. 23d.
(5) Reduce 14cwt. 3qrs. 24lbs. into ounces; and
shew that the result is probably correct.
Answer: 26816 ounces.

)
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(6) Find the number of ounces in 1lcwt. 2qrs.
171bs. 150z.; and confirm the operation.

Answer: 20895 ounces.
(7) What number of cwts,, &c., are contained in
65437 drams? and verify the result.
Answer: 2cwt. 1qr. 3lbs. 9oz. 13drs.
(8) Reduce 8tons. l14cwt. 8qrs. 25lbs. 110z, 9drs.
into drams; and preve the result.
Answer: 2149817 drams.
(9) Tind the number of poles contained in 15mi.
5fur. 31po. ; and verify the result.
Answer: 5031 poles.
(10) In 1081080 inches, how many miles, &e.?
and prove it.
Answer: 17 miles, 110 yards.
(11) Reduce 304935 feet to miles, &c.; and give
the converse operation.
Answer: 57mi. 6fur. 5yds.
(12) What number of inches are equivalent to
512yds. 2ft. 9in.? and prove the resalt.
Answer: 18405 inches,

(18) Reduce 54yds. 8ft. 104in., superficial measure,
into inches.
Answer: 71240 inches.
(14) What number of superficial yards, &c., are
equivalent to 40253798 wuperficial inches?
Answer: 31060yds. 38in.
(15) Find the number of cubic yards, &ec., in 141721
cubic inches; and prove it.
Answer: 38yds. 1ft. 25in,
(16) In 5279 pints, how many gallons, &c.? and
prove the result.
Answer: 659gals. 3qts. 1pt.
(17) Required the number of weeks, &c., in 72015
hours ; and verify the result. .
Answer: 428wks, 4days. 15hrs. .
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(18) In 2706859 seconds, how many weeks, &c.?
and prove it.
Answer: 4wks. 3days. Thrs. 45min. 59sec.
(19) How many degrees, &c., are of equal value
with 206265 seconds? and prove the converse.
Answer: 57°.17.45".
(20) In 12lbs. 100z. 15dwts. 14grs. of silver, how
many grains? and prove the result.
Answer: 74204 grains,
(21) Find how many grains there are in 18lbs. 20z.
4drs, 2scr. 12grs. ; and give a proof.
Answer: 104932 grains.
(22) In 20yds. 3qrs. 1nl, find the number of nails;

and prove it.
Answer: 333 nails,

(28) What number of acres, &c., are equal in ex-
tent to 82973 square poles ?
Answer: 518ac. 2ro. 13po.
(24) How nfiny pints are equivalent to 987bar.
25gals. 3qts. 1pt. of ale? and prove it.
Answer: 284463 pints.
(25) Reduce 21tuns. 3hhds. 54gals. 2qts. of wine
to pints; and the contrary.
Answer: 44284 pints.
(26) Required the number of quarts in 356qrs. 7bu.
2pks. 1gal, of corn; and prove it.
Answer: 91380 quarts.
(27) In 340 pistoles at 17s. 6d. each, how many

pounds sterling ?
Answer: £297. 10s.

(28) How many moidores of 27s. each, are equal
to 198 guineas?
Answer: 154 moidores.
(29) In £453. 16s. 8d., how many pieces of coin
valued at 3s. 4d. each?
. . Answer: 2723 pieces.
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(30) Find how often a rod of 2ft. 10in. in length,
must be applied to measure 10 miles, 140 yards. :

Answer: 18783 times, and 18in. over.

(81) What number of weights of 140z. 13drs. each,
are equivalent to 25cwt. 2qrs. 14lbs. ?

Answer: 3100 wei&hts, and 1oz. 4drs, over.

32) How many revolutions will the wheel of a
carriage, 4ft. 7in. in circumference, make in 2mi. 4fur.?

Answer: 2880 revolutions,

(83) If 50z. of silk can be spun into a thread 2fur.
20po. long ; what weight of silk would supply a thread °
sufficient to reach to the moon, if the distance be 240000
miles ?

Answer: 107tons. 2cwt. 3qrs. 12lbs,

RS

(34) A year being equivalent to 365 days 6 hours, ;
find the number of years, &c., in 205402374 seconds, ‘

Answer: 9yrs. 131days. 18hrs. 12min. 54sec.

3

59. Keeping in mind what was said in the first:
Article in this chapter, we need no additional inquiry to §
inform us that the fundamental operations on Compound ;
Quantilies must be performed as in Integers, with this’
difference, that instead of carrying and borrowing fens,
we must do the same with the differcnt numbers which
connect their parts together: and we shall therefore
merely enunciate the rule for each, at the beginning of
the portion of the work appropriated to it.

I. COMPOUND ADDITION.

60. Rure. Arrange the quantities under one an-
other according to their denominations: add together
those of the lowest denomination : and having found the
number of the next denomination to which the sum is
equivalent, put down the remainder, if any, and add this
namber to those of the next denomination; and repeat
the process till all the quantities are disposed of.

Ex. Find the sum of 142cwt. l1qr. 21lbs, 78cwt.
Oqr. 14lbs., 21cwt. 2qrs. 191bs., and 176cwt. 1qr. 15lbs.
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The form of the operation is as underneath:

Reductions.
1hs. b, qrs.
Common Operation. 28)69 (2
cwt. qrs.  lbs, ~ 6
142.1.21 2
78.0.14 1 3lbs,:
21.2.19 . as ane ewe,
176.1.15 4+)6(1
ewt. 41 8.2.1 8 thesum. 4
2qrs.

and the proof is the same as that of Article (23).

Ezamples for Praclice.

© (1) Add together £73. 25 9id.; £25. 8s. 43d.;
£68. 3s. 111d.; £76. 17s. 7d., and £5. 14s. 53d.: and
. prove the result. )

. (2) Find the sum of 32cwt. 2qrs. 15lbs. 120z.;

47cwt. 25lbs. Toz.; Scwt. 3qrs. 17Ibs. 100z.; 23cwt.
" 1qr. 19lbs, 150z.; lcwt. 2qrs. 10lbs. 80z., and 9cwt.
3qrs. 140z.: and prove it.

(8) Required the sum of 11yds. 2ft. 9in.; 46yds.
1ft. 8in.; 15yds. 1ft. 10in.; 38yds. 2ft. Qin.; 55yds.
11in., and 27yds. 2ft. 7in.: and prove it. .

(4) Collect into one quantity, 49gals. Sqts. 1pt.;
34gals. 1qt. ; 25gals. 1pt ; 51gals. 3qts. 1pt.; 30gals. 1qt.,
and 53gals. 2qts. 1pt.: and prove it.

(5) Determine the aggregate of 10wks, 5days. 14hrs,
81min.; 18wks. 4days. 12hrs. 38min.; 25wks. 10hrs,
14min.; 75wks. Gdays: 23hrs. 59min.; 53wks. 4days.
19hrs. 23min., and 40wks. 17hrs. 25min.: and prove it.

(6) Add together 64lbs. 110z. 16dwts. 14grs. ; 211bs.
100z. 12dwts. 13grs.; 2lbs. 1dwt. 16grs.; 12lbs. 100z.
18grs. ; 24lbs. 110z. 12dwts., and 14lbs. loz. 1gr.: and
prove the result.

(7) Find the sum of 110z. 4drs. 2rcrs. 11grs. ; 100z.
3drs. 4grs.; 11oz. 1scr. 14grs.; 100z. 1scr. 16grs. ; 2drs
2scrs. 18grs., and 140z, 5drs. 1scr.: and prove it.
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(8) Express in one sum, 21yds. 2qrs. 3nls.; 18yds.
2qrs. 2nls.; 21yds. 1qr. 2nls.; 16yds. 3qrs. 2nls; 12yds.
1gr. 2nls., and 14yds. 2qrs. 3nls.

(9) Find the sum of 32lea. 2mi. Ifur. 21po.; 16lea.
1mi. 3fur. 26po.; 18lea. 2mi. 6fur. 21po.; 13lea. 1mi.
2fur. 12po., and 26lea. 1mi. 4fur. 9po.

(10) Find the sum of 21ac. Iro. 34po.; 16ac. 2ro.
27po.; 2l4ac. lro. 2po.; 32ac. lro. 28po., and 30lac.
14po.

II. COMPOUND SUBTRACTION.

61. RuLe. Having properly arranged the quantities
under one another, begin at the right hand and take
each number in the lower line from the corresponding
one in the upper, borrowing instead of 10, when neces-
sary, the numbers which connect the successive denomi-
nations; and the several quantities thus obtained will
be the remainder or difference.

Ex. Subtract 35yds. 2ft. 8in., from 48yds. 1ft. 4in. .

Reductions.
in. in. in, .
16 = 4 + 12 borrowed,

Common Operation. 8

yds  ft.  in.
48 .1.4

35.2.8

————

yds.— 12.1. 8 the rem.

)
—

in.

0 P

f. ft
1 + 8 borrowed,
2 + 1 carried,

|

-t
*

E

and the proof used for integers is applicable here.

Ezamples for Practice.

(1) Find the difference of £325. 19s. 43d. and
£253. 18s. 6}d.: and prove it.

(2) Required the excess of 59tons. 13cwt. 2qrs.
28lbs. 110z. 10drs. above 27tons. 17cwt. 1qr. 251bs, 20z.
14drs, ; and verify the result.
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(3) Subtract 82lea. 2mi. 5fur. 38po. from 281lea.
1mi. 7fur. 26po.; and verify it.

(4) Find the difference of 140gals. 3qts. 1pt. and
240gals. ; and prove it.

(5) From 24days. 14hrs. 46min. 81sec., take 4 days.
21hrs. 18min. 52secs. ; and verify it.

(6) Take 14lbs. 110z, 12dwts. 19grs. from 81lbs.
100z. 9dwts. 18grs.

(7) Required the difference of 28lbs. 7oz. 1dr. 2scr.
4grs. and 12lbs. 8oz, 2drs. Iscr. 12grs.

(8) What is the difference between 38ac. 31po. and
21ac. 3ro. 34po.?

(9) Subtract 1tun. 3hhds. 82gals. 4pts. of wine from
2tuns. 2hhds.

(10) Required the difference of 162qrs. 1bush. 1pk.
and 127qrs. 4bush. 3pks. 1gal.

I1II. COMPOUND MULTIPLICATION.

62. Rure. Place the multiplier under the lowest
denomination of the multiplican({ and find the number
of the next denomination contained in the first product:
put down the remainder, if any, and carry the quotient to
the second product, and repeat the process till all the
denominations are multiplied.

Ex. Multiply 35gals. 3qts. 1pt. by 7.

Common Operation.

s qts pt. Reductions.
5.3.1 pts.  pta. qu.  qta
3 7 2)17 4) 24

——

gals. 251 . 0. 1 the prod". - qts. 8. 1 pt: gals. 6.0 qt.

and this may be proved by reducing 85gals. 3qts. 1pt.
to pints, multiplying the result by 7, and then reducing
the product to gallons, &c.
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When the multiplier exceeds 12, this process will
be laborious, and we may use the following,

Ex. To find the product of 8days. 18hrs. 45min. by
47, we may have either of the operations below :

days. hra min. days, hrs. min.

3.18.45 3.18.45
9x5+2=47 8 x6-1=47
34. 0.45 80.6.0
5 6
170. 3. 45 181.12. O
7.18.80 8.18.45
da. 177 .17 . 15 the prod®. | da. 177 .17 .15 the prod".

Should this method require many factors to make u
the multiplier, it would be better to reduce the multipli-
cand to the lowest denomination contained in it, to mul-
tiply this result by the multiplier, and then to reduce
the product back again,

Ezamples for Practice.
(i) Multiply £858. 4s. 73d. by 5 and 9.

(2) Required the products of 4gcwt. 3qrs. 151bs. by
7 and 11. .

(3) Find the products of 154yds. 2ft. 10in. by 6
and 10.

(4) Multiply 58gals. 3qts. 1pt. by 8 and 12.

(5) Multiply 42wks. 5days. 28hrs. 42min. by 3
and 4.

(6) Multiply £125. 15s. 91d. by 28 and 45.

Answers: £3522. 1s. 7d., and £5660. 9s. 81d.

(7) Multiply £58. 18s. 73d. by 51 and 83.
Answers: £2750. 10s. 114d., and £4476. Ts. T}d.

(8) Multiply 17cwt. 2qrs. 19lbs. 50z. by 86 and 73.

Answers: 636cwt. 28lbs. 4oz., and 1290cwt. 9ibs.
130z.
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(9) Multiply 18lea. 2mi. 6fur. 25po. by 42 and 97.
Answers: 585lea. 1mi. 6fur. 10pb., and 1352lea. Imi.
2fur. 25po.

(10) Muitiply 15qrs. Gbush. 3pks. 1gal. by 54 and
111.

IAnswers: 856qrs. 3bush. 1pk., and 1760qrs. 3bush.
1gal.
(11) Multiply 43days. 18hrs. 45min. by 77 and 147.
Answers: 3371days. Shrs. 45min., and G435days.
20hrs. 15min.
(12) Multiply 57°. 7. 45” by 4 and 6.
Answers: 228°. 31’., and 342°. 46’. 30”.

(18) What is the value of 72 rcams of paper, at
18s. 8d. a ream ?

Answer: £49. 4s.
{14) Find the cost of 120 ounces of silver, at
5s. 33d. an ounce?
_ Answer: £31. 17s. 6d.
(15) Find the number of yards in 40 pieces of
cloth, each containing 42yds. 2qrs. 2nls.
Answer: 1705 yards.
(16) Required the price of 279cwt. at £3. 7s. 10}d.
a cwt.
Answer: £946. 17s. 14d.

(17) IfI spend £2. 7s. 11d. a day, how much is that
in a year of 365 days?

Answer: £860. 0s. 73d.
(18) What sum will purchase an estate of 2120
acres, when the price of ea’ch acre is £32. 55. 6d.?
Answer: £65423.

(19) If each of 114 persons receive £1. 18s. 6id.,
what is received by them all?

Answer: £210. 13s. 9d.
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(20) How many pounds of silver are there in a
half-dozen of dishes, each weighing 510z. 10dwts., and a
dozen of plates each weighing 150z. 15dwts. 22grs. ?

Answer: 41lbs. Goz. 11dwts.

(21) If a wheel of 5yds. 1ft. 6in. in circumference
make 64640 revolutions, what space will it pass over?

Answer: 202 miles.

IV. COMPOUND DIVISION.

03. Rvie. Having placed the divisor and dividend
as in integers, find how often the divisor is contained in
the highest denomination of the dividend, put down the
quotient ; and reduce the remainder, if any, to the next"
inferior denomination, adding to it the number of that
denomination in the dividend, and repeat the division:
so proceed through all the denominations,

Ex. Divide 41wks. 6days. 19hrs. by 11.
Reductions.
1)1

) . wks. 3.8 weeks over:
Common QOperation.

wks. days. hrs, days. days,
11)41.6.19 11)62=8x7 +6,
wks. 3. 5. 17 the quot". days 5.7 days over:

hrs, hrs.
11 )187=7 x 24 + 19,
hrs, 17.

and the operation may be proved by that of multi-
plication. .

When the divisor is greater than 12, the process may
be conducted as in Article (42), if it be a composite num-
ber, and by long division, if it be incomposite.

Ex. To divide £1478. 18s. 83d. into 77 equal por-
tions, we may use either of the subjoined methods:
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£ s d £ s d
77)14-78.13.8*2(19.4-.0%
77

708
693

15

£. s d 20
{ 7)1478.18. 8% 313
11) 211. 4.9§.2 308

£19. 4.0{.44fover. "5
T —— 12
68
4

275
231

44f, over.

The division may also be effected by reductions analogous
to those alluded to in Multiplication.

Ezamples for Practice.

(1) Divide £189. 8s. 4d. by 5 and 8.

(2) Find the quotients of 182cwt. 3qrs. 7lbs. by
7 and 9.

(3) Divide 1658yds. 1ft. by 6 and 10.

(4) Find the quotients of 238ac. 2ro. 32po. by 8
and 11.

(5) Divide 18wks. 5days. 19hrs. S0min. by 3 and 4!

(6) Divide 739qrs. 4bush. 2pks. 1gal. into 11 equal
portions. .

(7) What is the twelfth part of 22wks. 4 days.
20hrs. 43min. 24sec. ?

(8) Divide £1738. 12s. T4d. by 18; and £1279. 13s
83d. by 23.

Answers: £96. 11s. 93d., and £55. 12s. 9}d.
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(9) Divide 425tons. 15cwt. 2qrs. 121bs. by 27; and
2874cwt. 1qr. 12lbs. 120z. by 38.

Answers: 15tons. 15cwt. lqr. 16lbs,, and 62cwt.
1qr. 261bs. 20z.
(10) Find the quotient of 1361mi. 4fur. 28po. by 28 ;
and of 8179lea. 1mi. 5fur. 16po. by 46.
Answers: 48mi. 5fur. 1po., and 69lea. 2fur. 36po.
(11) If 41cwt. cost £52. 10s. 71d., what is the price
of a cwt.?
Answer: £1. 5s. Tid
(12) What will be the price of 11b., when 1cwt. costs
£137. 18s.?
Answer: £1.4s. T3d.
(13) If a soldier’s pay for a year of 365 days be
£9. 23, G6d. ; how much is that for a day?
Answer: 6d.
(14) If a person’s yearly income be £65. 12s. 6d.,

and he lay by £20. a year; how much does he spend
cach day?

Answer: 2s.6d.
(15) If 145 sheep cost £169. 3s. 4d.; what is the
price of a score at the same rate?
Answer: £28. 6s. 8d.
(16) A wheel makes 514 revolutions in passing
over 1mi. 467yds. 1ft.? what is its circumference ?
Answer: 4yds. 1ft.
[(17) If a person complete a journey of 422mi. 3fur.
38po. in 37days; what distance does he travel each day ?
. Answer: 11mi. 3fur. 14po.
(18) If 8 packages of cloth, each comsisting of 4

parcels, each parcel of 10 pieces, and each piece of 26
yards, cost £6656.; what is the price of a yard ?

Answer: 16 shillings.
(19) 1If the clothing of 754 soldiers come to £3178.
11s. 73d. ; how much is that for each man?
Answer: £4. 4. 33d.
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(20) A vintner bought 138gals. of wine at 10s. a
gallon, of which he retained 18gals. for his own use: at
what rate Eer gallon must he sell the remainder, that he
may have his own for nothing ?

Answer: 11s. 6d.

(21) A ship’s crew of 50 men have a supply of
water for 80 days at 2 quarts a head : if they lose 125
gallons, and find that they will be 50 days at sea, what
must be each man’s daily allowance?

Answer: 1 quart.

64. The multipliers and divisors in the last two
rules have been regarded as abstract numbers: and
though it is impossible to determine the product of two
concrete quantities as such, the quaticut of one concrete
magnitude by another of the same kind will be an
abstract number, being merely the number of limes one
of them must be repeated to make up the other. See
the Appendix. :

Ex. The sum £263. 8s. 11}d. is distributed equally
among a number of persons, so that the share of eacfl
is £37. 12s. 84d: find the number of persons.

Here, the dividend = 252910 farthings:
and the divisor = 36130 farthings:
whence, the quotient is found to be 7, by common divi-
sion: or, £37. 12s. 8)d. being repeated 7 times, amounts
to £268. 8s. 111d., and the number of persons is 7.

Hence, one concrete magnitude may be a measure

or a multiple of another of the same kind.



CHAPTER IIL

THE RULE OF THREE,
SOMETIMES CALLED THE GOLDEN BULE.

65. Der. TuE object of the Rule of Three is, b
means of tkree quantities given, to determine a jfourth,
which shall be the same multiple, part or parts of one
of them, that one of the remaining quantities is of the
other; and it therefore follows that the operation, by
which this may be accomplished, will depend upon those .
of Multiplication and Division already considered. :

Ex. 1. If 11b. of any commodity cost 3s. 44d., it is .
required to find the price of 12lbs.

Here, it is evident that the requlred price will be the
same multiple of 3s. 44d., that 121b. is of 1lb., which may :
thergfore be found by Multiplication : thus,

d. :
3 . 44 = the price of 1Ib. !
12

£ 2. ?)— 6 = the price of 12lbs.:

o

and this result may be obtained by means of a State-
menl and Operation in the following form:

b, 1bs. 8, d.
1 : 12 = 8.4} )
12 ;
40
4
162
]O
4)1944f
10)486d
2,0)4,0 6d.

£2.0. 6, as before.
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Ex. 2. If 11 bushels of wheat cost £4g2s. 114d.,
. what sum must be paid for 45 bushels?
In this instance, we have, by Division,
£ s d
11)4.2.11}

£0 _—7—_6%= the price of 1 bushel:

" and the required price will then be obtained by Multipli-
" cation as below:

£ s d
, 0. 7. 6}
\ 9 x5=45
' 3. 7.10}
5

£16.19. 4@: the price of 45 bushels:

but we shall arrive at the same conclusion by conduct-

"ing the solution of the question in a form similar to that

of the last example: thus,
bush, bush.

5. d.
11 : 45 .2.11&

WiC o

2
8
12
995
4

3982
45

19910,
15928
11)??5199
4)16290f.
- 12)40724
' 2,0)339.4
‘ £16.19. 4}:

B ——
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and it is easily seen that this sum is the same multiple
and part of £4. 2s5. 113d., as 45 is of 11.

66. Proper attention to the processes here employed
will enable us to embody their substance in the follow-
ing general Rule.

RULE OF THREE.

For the Statement. Of the three quantities proposed,
put down as the last on the right hand, that which is of
the sume kind, or under the same circumsiances as the one
required; and the grealer or less of the two others in the
second place, according as the required one ought, from
the nature of the case, to be grealer or less than the last ;
and the remaining one in the first place.

For the Operation. Reduce, if necessary, the first and
second ferms to the same denomination, and the third to
the Jowest denomination contained in it: multiply to-
gether the second and third terms thus reduced, and
the quotient arising from the division of the product by
the first, will be the quantity required, expressed in
the denomination to which the last term was reduced: .
and it may be had in other denominations by the proper
divisions or multiplications.

It is sometimes necessary to consider what prepa-
ralion may be required before the rule is appliecf : and
when the statement is made, the first, and the second or
third terms may be divided by any factor common to
them, either before or after the reductions, without affect-
ing the result, inasmuch as no alteration is produced
from Multiplication and Division by the same number.

Ezamples.

(1) If 4cwt. 3qrs. 10lbs. cost £30. 9s. 9d., what is
the price of 121bs.?

Here, what is required being money, the last term of
the statement will be £30. 9s. 9d., since it is of the same
kind : and because the price of 12lbs. must manifestly be
less than that of 4cwt. 3qrs. 10lbs., the second term
must be 12lbs., and the first will be 4cwt. 3qrs. 10lbs.:
that is, the statement and operation will be as follows.

3—2
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cwl. qrs. Ibs. ihs. £ s d.
4.3.10 : 12 = 30.9.9
4 20
19 609
28 12
162 7317
88 12
542 542)87801&162
549
3360
3252
1084
1084

and the answer will therefore be 162 pence, because
the last term has been reduced to that denomination ; or
the price required = 162d. = 13s. (d.

(2) The rental of a parish being estimated at
£3766. 5s., what sum will be raised by a rate of 8d. in
.the pound?

In this case all the quantities concerned are of the
same kind, but the answer required being rate will be
under the same circumsiances as 8d.; and the statement
and operation will therefore be

£. £. '3 d.
1 : 8766.5 = 8
20 20

20 75325
that is, 20: 75325 = 8;
or, 4:15065 : 8,
by dividing the first and second terms by 5:
or, 1:15065: 2

by dividing the jirst and third terms by 4:
and by these steps the number of figures used is much
diminished ; so that we have the operation,
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1:15065::2
2

12)30180d.
2,0) 25 1,0.10d.
£1 2 5. ]()s.__]Orl.

These two instances following out the rules given
tor the Statement and Operation, are regarded as exem-
plifications of the Rule of Three Dircet, because less
reyuires less, and more requires more.

(8) If a person can walk 300 miles in 8 days of
7hrs. 30min. each; in how many days can he do the
same, when 10hrs. of each are available for the purpose?

Since days are here required, and the number of days
is necessarily less as the number of hours employed in
each is greater, we shall have,

hrs. hrs. min. days.
10 : 7.530 = 8
60 60

600 450

thatis, 600 : 450 8;
or, 60 : 45 8,
or, 20 : 15 8,
or, 4 : 3 8,
or, 1 : 3 2,
(2]
" 6 days.

The reasons of the steps above taken are obvious, being
similar to those in the preceding example, which are given
at length, and the answer is 6 days: the distance 300
miles has not been taken into the consideration, because
it is common to both conditions, and implies nothing more
than tke same or an equal distance or journey, whatever
it might be, as may easily be made to appear; for, 8 days
of 7Thrs. 30min. each, give 6Ohrs. for completing the
journey of 300 miles, so that he walks 5 miles an hour:
and in 6 days of 10hrs. each, he would finish the same
at the same rate: and this rate the 300 miles has enabled
us to find, but it has nothing to do with the question.
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(4) What length of carpet 2ft. 3in. wide, will be
required to cover a room which is 27ft. 6in. long, and
22ft. Gin. wide?

The length of the piece of carpet being required, we
shall have the statcment and operation as follows:

ft. in. ft. in, ft. in,
2.3 22,6 = 27.06
12 12 12
27 : 270 = 830
or, 1 : 10 330

10
12)3300in.
3)275f

- = & —

91 yds. oft.

. These two examples may be said to belong to the
Rule of Three Invcrse, from the circumstance that morc
requires less, and less requires more : but as the rules for
the Statement and Operation above given are universal,
it does not seem desirable in this part of Arithmetic to
make any distinction between the Bule of Three Inverse,
and the Rule of T'hree Direct,

(5) A person gives away annually £20. in charity,
and his weekly bills amount to £7. 10s.: what additional
daily expenditure may he incur with an income of
£592. 10s.?

For the annual amount of his weekly bills, we have

wk. wks. £ s
1 : 52 = T7.10

or, 1 : 52 = 150s
52

800
750
2,0)780,0s.
£390.
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3

therefore, his charity and weekly bills amount to £20.
together with £390., which is £410.: and he has the
excess of £592. 10s. above £410. which is £182. 10s.
left to be expended in 365 days:

days. day. £ s
whence, 365 : 1 = 182.10
20

865)3650(10s
3650

and consequently he may spend 10s. a day.

onsiderations of the nature of'those here introduced,
are ,generally simple in their character ; and with a little
attention, the rule we are discussing may be made avail-
able for conducting most of the ordinary affairs of man-
kind ; as far, at least, as they depend upon the connec-
tion implied by the expression, Cause and Effect.

L zxamples for Practice.
(1) Required the price of 4501bs., at 4s. 81d. a 1b.
Answer: £105. 18s. 9d.
(?) Find the amount of a servant’s wages for 215
days, at 2s. 41d. a day. :
Answer: £25. 6s. 14d.
(3) A person’s salary is £191. 12s. 6d. for 365 days:
in how many days will he have a claim for £31. 10s.?
Answer: 60 days.
(4) If 25cwt. 2qrs. cost £7. 6s. 74d., how much is
that for lewt.?
Answer: 5s. 0d.

(5) Required the price of 4cwt. 1qr. 4lbs. 80z., when

11b. costs 7s. 104d.
Answer: £189. 8s. 111d.

(6) If 6yds. 3qrs. cost 5s. 8d.,how much will 73yds.

2qrs. cost, at the same rate.? .
Answer: £2.17s. 2d.

(7) 1If an artificer earn £19. 1s. in 20 days; in

what time will he earn £23. 16s. 8d.? o
Answer: 25 days.
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(8) If a person walk 216 miles in 7 days of 16
hours each ; in how many days of 12 hours each can
he do the same?

Answer: 9 days, 4 hours.

(9) If 90 English degrees be equivalent to 100
French degrees, how many English degrees, &e. will be
contained in 654 French degrees ?

Answer: 588deg. 36min.
(10) If 17ells. 3qrs., each ell containing 5qrs., be

bought for £6. 17s. 6d.: how much must be paid for #
18yds.? '

1

Answer: £5.12s. 6d.

(11) If 1000 sovercigns weigh 211bs. 5 o0z. 16 {fits.
6 grs., what weight of gold will be contained in® 384
sovereigns?
Answer: 81bs. 3oz
(12) How much wheat can be purchased for £55.
0s. 3d., at the rate of 6s. )1d. a bushel ?
. Answer :  20qrs. 2bush.
(18) Ifafarm of 375 acres, be let for £401. 11s. 3d.
a year, what is that for each acre ?
Answer: £1. 1s. 5d.

(14) If lodgings be let at 13s. 6d. a week, what
will the demand amount to for 273 days?
Answer: £26. Gs. Gd.
(15) Required the price of 36cwt. 1qr., when 2cwt.
2qrs. 10lbs. cost £4.7s. 93d.?
Answer: £61. 9s. 1d.
(16) If a servant’s wages be £30. 0s. 83d. a year,
what %ill be his demand for a service of 338 days ? )
Answer: £27. 106s. 33d. -
(17) If a personjean walk 8mi. (fur. 25po. in an
hour, in what time wiﬂ he complete a journey of 99mi.
4fur, 10po.?
Answer: 26 hours.

(18) What is the cost of 19bar. 24gals. 3qts. 1pt. of
beer, at 33d. a quart ? :
Answer: £41.7s, 01d.

(19) If the carriage of Scwt. 2grs. 14lbs. for 51
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miles come to 18s. 5)d.; what will be the charge for
carrying 10tons. 3cwt. the same distance?

Answer: £51. 12s. 6d.

(20) A bankrupt owes £3840., and his whole pro-
perty amounts to no more than £828.: what dividend
will his creditors receive in the pound?

Answer: 4s. 33d.

(21) At the rate of 11s. 73d. in the pound, what is
the sum paid by a bankrupt for a debt of £2735. 10s.?

Answer: £1590. 0s. 21d.

22) If a labourer earn 2s. a day when wheat is
at 8%. a bushel, what ought he to earn when wheat is
at Gs. a bushel ? ‘

Answer: 1s. 6d. i

(23) If a tradesman gain 1s. 41d. on an article which
he sells for 5s. 6d., what does he gain on every £100.?

Answer: £25.

(2¢) If 15 workmen can do a piece of work in 25 ;
days, in what time can 25 men do the same ? '
Answer: 15 days.

* (25) How much in length, that is 3ft. 9in broad,
will be equivalent to 37ft. 9in. in length, which is 7ft.
6in. broad ? 3

Answer: 75ft. Gin. .. ;

(26) If 69yds. of carpet 3qrs. wide, cover a room
8yds. 2qrs. 2nls. long ; find the width of the room.

s Answer: 6 yards,

(27) If by paying down £89. 2s. 6d., I become en-
titled to £3. a year, what income shall I derive from
disposing of £1002. 13s. 13d., in the same way ?

Answer: £33. 15s.

(28) . What*will be the purchase-money of an estate
producing a rental of £3223., at the rate of £2. 15s.
for every £100.?

* Answer: £117200. )

(29) Ifa lperson's annual income be 650 guineas,
how much will he have saved at the end of the year, :
after spending £10. 13s. 94d., a week ? :

Answer: £126. 125 10d.
: 3—5
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(30) What may a person having an income of £1000.
a year, spend daily, so as to lay by £434. 5s. yearly?
Answer: £1. 11s. .

%31) If I lend a friend £250. for 6 months, how long
ought he to lend me £187. 10s., to requite the kindness?

Answer: 8 months.

(82) What is the tax upon £302. 3s. 7d., when
£429. 8s. 3d. is rated at 13s. 6d.?
Answer: 9s. Od.

(88) 1If the rate levied upon a rental of £763. 15s.
amount to £133. 13s.14d., how much is it in the pound?

Answer: 3s. 6d.

34) A person buys 136yds. of cloth for £150., and
retails it at £1. 18s. a yard; what docs he gain by the
transaction ?

Answer: £108. 8s.

(85) A person’s daily income is £1. 155, and his
quarterly expenditure is £135. 10s.; how much will he
have saved at the end of 9 years?

Answer: £870. 15s.

(86) If a gentleman spend £152. 10s. every week;
what must be his daily income that in 15 ycars he may
lay by £7522. 10s.?

Answer: £23.2s.

(37) A person bought 180 gallons of wine for £125.:
find the quantity of water to be added that he may retail
the mixture at 12s. 6d. a gallon,

Answer: 20 gallons,

(88) If an estate produce £1G80. a year, and the
land-tax be payable upon this sum at 3s. 6d. in the pound :
what is its clear annual value?

Answer: £1386.
(39) When a bankrupt’s effects Kay three dividends
e

of 4s. Qi-d., 3s. 21d., and 2s. 4§d. in t| und : what do
his creditors lose upon his entire debt, which is £4265?

{nswer: £2185.16s. 3d.
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(40) A person bought 125 yards of cloth, at the:
rate of 2 yards for 5s., and 125 yards at the rate of 3'
yards for 5s.: what will he gain or lose by selling the
250 yards at the rate of 5 yards for 10s. ?

Answer: He will lose £1. 0s. 10d. z

67. Questions frequently occur, in which it is neces-
sary to repeat the process just explained, and they are on:
this account said to belong to the Double Rule of Three ::
but we shall here adapt what has already been done, to
the solution of a single example, which will be sufhcxent:
to point out the steps to be pursued in every other m-
stance.

Ex. If a person travel 300 miles in 10 days, when
the day is 12 hours long; how many days will it take;
him to travel 600 miles, when the day is 15 hours long? *

We here give two solutions, each of whlch depends
upon the last Article.

% e

S

Fpoen

First Solution, ?f
d. hrs, hrs. days. 1
3()0 600 1( 15:12:20
10 20
';0())60,00 15)240
20 days, in 1 6 days of’
which he will travel 600 | 15 hours each, in which
miles, when the days are | he will travel 600 miles.
12 hours long:
Second Solution.
h dn a .
1gp:12:10 500:600:8
10 8 ;
15)120 83,00)48,00 .g
. 8 days of 16 days of ,.{
15 hours each, in which | 15 hours each, in which 4
he will travel 300 miles: | he will travel 600 miles. 4
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Ezamples for Practice.

(1) If the expenses of 7 persons for 3 months amount
to 70 guineas; what will be the expenditure of 10 persons
for 12 months at the same rate?

Answer: £420.

+ () If 10 horses consume 7bush. 2pks. of oats in

7 days; in what time will 28 horses consume 3qrs.
6bush. at the same rate?

' Answer: 10 days.

(8) If 10 men reap 20 acres of corn in 4 days; how
. many men can reap 70 acres in 10 days, at the same
" rate of labour?
' Answer: 14 men.

(4) If 48 men can do a piece of work in 16 days
. of 9 hours each: in how many days of 12 hours each
- will 64 men be able to do a piece of work three times
; a8 great?
¢ Answer: 27 days.

; (5) If the carriage of 13cwt. 2qrs. 19lbs. for 35
miles come to £4. 17s. 6d.; what must be paid for the
conveyance of 41cwt, 1lb. for 49 miles? -

! Answer: £20. 9s. 6d.
(6) If £20.in trade gain £16. in 15 months, what
sum will gain £24. in 3 months, at the same rate ?
Answer: £150.

(7) If 12 men can perform a piece of work in 20
days; required the number of men who could perform
another piece of work four times as great in a fifth part
of the time.

Answer: 240 men.

(8) If with a capital of £1000., a tradesgan gain
£100. in 7 months, in what time will he gain £60. 10s.,
with a capital of £385.?

Answer: 11 months.



CHAPTER 1V.

THE DOCTRINE OF FRACTIONS,

USUALLY TERMED VULGAR FRACTIONS.

68. Dgr. AwLn whole numbers or Integers, being
suppused to be formed by the repetition of the unit, may
thercfore be regarded as the result of the multiplication of
that element; but if the unit be considered capable of
division into any number of' equal portions, the quantities
thence arising must be viewed in the light of broken
magnitudes; and these are therefore termed Fractions,
or more generally, Vulear Fraclions, in order to distin-
guish them from fractions of a different form, whose
nature will be discussed in the next chapter. .«

NOTATION AND NUMERATION OF FRACTIONS.

69. Der. 1. If we suppose the unit to be divided into
2, 8, 4, 5, &c., equal portions, ore of the portions in ‘each
case is represented by 3, }, %, 1, &c., which may be re-
garded as the primitive Fractions of their respective deno-
minations, and are, called the Reciprocals of the natural
numbers, 2, 3, 4, 5, &c.: also, the fractions 4, }, 4, 4,
&c., are read, one-half, one-third, one-fourth, one-fifih, &c.

.w70. DEF. 2. If two or more of these equal portions

be taken together, the aggregales thence ariMng are ex-
pressed by repeating the unit as often as such portions
are repeated, in the form of their sum, the number below
the line remaining the same. -

Thus, if the primitive fraction 3 be taken tmwice, there
will arise a new fraction expressed by §: if } be repeated
thrice, there results a new fraction expressed by § : again,
if } be taken four times, the new fraction will be §; and
similarly of all the other primitive fractions: also, the
fractions £, :2-,—;, &c., are read two-thirds, three-fourths,
Jfour-fifths, &ec. : and all quantities of this form are called
Simple Fractions. ]
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71. Der. 3. Hence, the number helow the line
denotes the number of equal portions into which the
unit is supposed to be divided, and is therefore called the
Denominator ; and the number above the line expressing
the number of such equal portions intended to be taken,

- is therefore termed the Numerator,

Thus, of the fraction -;, whose T'erms are 5 and 7, the

" denominator 7 implies that the unit is supposed to be
_ divided into seven equal portions; and the numerator 5

shews that fve of such equal portions are here the object
of our consideration: and bence it is also manifest, that

: the integer 5 is 7 times as great as the fraction 3; and

5 may therefore be cxpressed in a Fractional Form by 3.
72. From the last Article it follows, that if the

. numerator be less than the denominator, the value of

s~

the fraction is less than the unit; if the mumerator be
al to the denominator, the value of the fraction is the

. unit; and if the numerator be greater than the denomi-
nator, the value of the fraction is greater than the unit.

73. DEr. 4. If the numerator be less than the de-
nominator, the fraction is termed a Prop-r Fraction ;

* but if the numerator be greater than the denominator, it

is called an Improper Fraction: also, if the terms be
equal to one another, we have mcrely the representation
of the unit in the form of a fraction.

Thus, 2 is a proper fraction, 7 is an improper fraction,
and ;is a representation of the unit in a fractional form,
being of thé same value as §, 3, &e. ’

74. We are hence enabled to find the results of the

multiplication and division of a fraction by an integer,
and these may be integers or fractions.

If the fraction i:’ be multiplied by 3, the product

. . 4x3 12 . 12 .
is evuhlently s =18’ because in 3’ three times as

many parts of the unit are implied, as there are in 3.
If the fraction 7 be divided by 5, the quotient will

be ‘.i_i‘g= :—5;. because the same numbers of parts are
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indicated in 3 and %, and each part in the former is five
times as great as each part in the latter, by Article (71).

Hence, to multiply and divide a fraction by a whole
nuinber, we have only to multiply the aumerator and
denominaltor by it, respectively.

75. What is called a Compound Fraction, may be
replaced by a simple one, by similar reasoning. X
A Compound Fraction is made up of two or more:
simple fractions connected by the word of, as - of 4 of §.:

1 .6 6 6
now, ;of§=-7~-:— 5=§
v “} by the last Article:
andéof‘g- 6 x 4-—24
57785 385
whence, - of 4 of £ is evidently the same as
12t 24 o 2t
3 3 385 %105’

a simple fraction of the ordinary form: that is,

1 .4 .6 1x4x6 24
—of - of == =_- -1
3 5 7 3x6x7 105
and from this, we infer that a compound fraction is
equivalent to the simple fraction formed by multiply<
ing together respectively the numerators and the de-
nominators of its constituent simple fractions.

TRANSFORMATION OF FRACTIONS.

76. If the numecrator and denominator of a fraction
be multiplied or divided by the same number, the value
of the fraction will not be allered.

For, if the fraction § be multiplied by 5, the pro-
duct is ’7@: and again if this be divided by 5, the
quotient is 2, by the last Article but one: but since
these two operations are the reverse of, and therefore
neutralise, each other, it follows that

8 15 8x5
78 Tx5°
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and also, that
15 3 15=5

3577 855
Hence, a whole number may be expressed in the
form of a fraction with any denominator we please: thus,

5 10 15 20
Smy=g =33 7%

Also, a fraction may be transformed into another
with a given denominator, provided it be a multiple of
the denominator of the proposed fraction: thus, 7- may be
transformed so as to have 96 for a denominator, because

T_Tx12 84

8 8x 12=®'
77. Since

for the Multiplication of a fraction by an integer, it appears
to be immaterial whether the numerator be multiplied,
or the denominator be divided, by it: and inasmuch as
B, 8 _2x4 2
9 3 9x4 9’
for the Division of a fraction by a whole number, it
amounts to the same thing whether we divide the nu-
merator, or multiply the denominator, by it.

78. A quantity made up of two others, one of which is
an inleger and the other a fraction, may be represented in
the form of a fraction alone.

Let us take 3{, which is called a mized quantity,
and is intended to express the integer 3 and the frac-
tion 4 taken together, and is read three and four fifths :
then, since

the mixed quantity 3} is equivalent to 2’ and & taken
together, or, to ¥ by Article (70): and this operation
put in the form,
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L 8x5+4 15+4 19
35=‘ 5

gives the following Rule.

Rure. Multiply the integer by the denominator of
the fraction: to the product add the numerator, and the
result will be the new numerator, which placed over the
denominator will form the improper fraction required.

Ex. Represent 121 and 3443 as improper fractions.

3443
Q1 29
12 5 -
terg =S 3096

Bss
_133]_-&- 5 _ ‘l_";?()' Q 4
S | IR -
10000

29

1336 10000

or, and 20~ M€ the fractions required ; and the

11
second operation is made to differ in form from the first,
only because the denominator in the latter quantity is
beyond the extent of the Multiplication Table.

Ezamples for Practice.

(1) Express the mixed quantities 2}, 5¢{, 127 and
544; as improper fractions.

(2) Put into fractional forms, the mixed quantities
417, 1234, 27513 and 87434,

79. Hence, a compound fraction formed of mixed
quantities, may by Article (75) be put in the form of
a simple fraction.

31 _8x31 _248 _124

6 3x6 18 9
Ezamples for Practice.

Exhibit £ of 8}; 42 of §; 3 of 4 of 12}, and 15]

of 8 of 132, as improper fractions,

80. By means of the preceding Articles, what is
called a Complex Fraction may be transformed into a
simple fraction, .

Thus, 2} of 5= of
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Thus. 2 5 5 <9%9 11x9 99
B BT Tx 5 185’
32 2 i gxs 29X

9 9

a simple fraction, obtained by multiplying the numerator
and the denominator of the complex fraction, when ex-
pressed as improper fractions, by the product of the
denominators: and this is most easily effected by placing
them in different orders, as above.

Ex. Simplify the ex ressionsﬁ and 63 of B
' YOO gy T s T ey
o2 x9x11
Here, 55 _ 2 _s2x11_lx1l_11
9% ]ﬂxllxg 104x9 2x9 18
11
ond 08 ¢ 8 _58x14 o 61x5_ 5

135 © 23,7 183x9 > 116x7 27
The numerators and denominators should in the pro-
gress of the operations, be divided by such common
factors as may be found by inspection.

Ezamples for Practice.
(1) What are the simple f;ractions equivalent to the
3 5 8 ;74
complex fractions -:—;, %"?’ —195—3 and f_'é?
95 84 16 138
116° 148° 21 " 185°
78 o 14 6 .15 .8

i ify - 1 5 iy &
(2) Simplify % o and 5; of 10§ of 12 of o

Answers:

s’
153

28 3
Answers: 33 and e
8l. 4 quaniity in the form of an improper fraction,
may be expressed by a mized quantity.
. . 35 . . 32+3
We see immediately that Y is equivalent to 5
or, to ¥ and 3 taken together: but ¥ is equal to the
integer 4, and therefore the required mixed quantity
will be equal to the integer 4 and the proper fraction
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3 taken together, which is sometimes expressed by

4+ g, but generally in the form 43.

This process is evidently the same thing as dividing
the numerator and denominator by the denominator, .
and noticing the remainder of the former: thus, for the .

improper fractions 31312 and Qg—?g, we may proceed ac-

cording to the forms :

31)9999(822%
93

11)327 g 2

——— s

2 0%

79

62

17

which are both implied in the following Rule. .
Ruie. Divide the numerator by the denominator,

and the quotient will be the integral part; and the

fractional part will be formed by placing the remainder

over the denominator. If there be no remainder, the
fraction is equivalent to the integer thus found.

Ezamples for Practice.
1) Find the mixed quantities equivalent to
q q
7 10 88 149 199
539 u Mg

440 2417 8797 - 80471 .
(2) Express 13" 719 * 29 and —g7 8 mixed

quantities.
(8) Represent L of 4 of 63 and 2 of 133, in the
P ¥ 6”4
forms of mixed quantities. R

82. A fraction may be reduced to its lowest terms, by
dividing its numerator and denominaior, by their greatest
common measure,

For, since the value of a fraction is not altered by
dividing its terms by any factor common to them both,

e M an vam ko g XIS, A2 A Sistnder T

e e e LR

bt
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it will necessarily be expressed. in its lowest or simplest
terms, when that factor is their greatest common measure.

If the greatest common measure be 1, the fraction
is already in its lowest terms.

Ex. Express the fraction 5 in its lowest terms.

By Article (52), we have
825)960(

825
135)825(6
810
15)135(9

135

so that 15 is the greatest common measure: whence,
dividing the terms of the fraction by it, as follows:

15)825(55 15)960(6+
75 90
75 60
75

60
we have 2 for the equivalent fraction expressed in the
least terms possible.

The terms of the original fraction are equal multiples,
or equimulliples, of those of the reduced one.

83. In many instances it is unnecessary to find
the greatest common measure at first, the fractions being
reducible to lower terms by successive divisions of the
numerators and denominators by common factors dis-
covered by inspection.

Thus, 4968 _ 248% _1242_ 621 _ 207 _ 69
T 1476 738 246 82’

from three successive divisions of the numerator and de-

nominator by 2, and then from two successive divisions

by 8: and these are the terms which would have been

obtained from_ dividing at omce by 72, which is their

greatest commgn measure.
)
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This step may be advantageously used, when the terms
are large, to diminish the labour of finding the greatest
common measure by the general method.

Ezamples for Practice.

. 9 63 147 435
(1) Find the values of 28’ 144’ 189° 957 and
555 . .
2" in their lowest terms.
999

3 7 7 & 5
§, m, S—)’ il‘ ands—)'-
(2) Express in their simplest forms, the fractions,
S094 3444 5030 5365 . 7568
3042’ 3556° 6076’ 8533 0504
19 128 169 15 48
1177 1277 196° 23 5
(3) Find the simplest fractions expressive of the
13667 13478 8398 43365 48510
1 ot g T ity
values of 44 146° 16701 29393° 44688 *™% 49005.
9 46 2 205 08
82, 57: 7: 304; 9—9.
(4) Simplify as much as possible the fractions,
11050 20801 714285 100375 . 135795
35581° 33633 999999° 1000000 222210°
0675 7
161’ 111’ 7’ 63 ™"
84. Two or more fractions having different denomi-

nators, may be transformed into equivalent fractions having
a common denominator.

Let it be required to express >+ and 3 with a

common denominator ; then, since the continued product
of the denominators is 2 x 5 x 7, we have

Answers:

Answers:

Answers:

Answers: d ]—1-
18

l_lx5_xz_35.
2 2x5x7 70°
g_2x2x7_28
5 5x2x7 70°
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3_ 3 x2x5 30,
7 Tx2x5 70
so that ';"—:;, ‘% and % are the new equivalent fractions

with the common denominator 70; and the steps taken
are comprised in the operations here subjoined :

first, 1x5x7=235
2 x 2 x 7=28% the new numerators:
3x2x5=30

and 2 x 5 x 7 =70, the common denominator :
30

wherefore the equivalent fractions are !;E{, :é’:—f and 3, as

above: and hence we derive the following Rule.

Ruik. Multiply each numerator by all the denomi-
nators except the one placed under it, for the new nume-
rator: and multiply all the denominators together for
the common denominator.

85. If two or more of the denominators have a
common measure, the cquivalent fractions may be ex-
pressed in simpler terms than obtainable by the Rule,
and still having a common denominator: thus, if the
fractions be , £ and $, we have from Article (54),

2——: q:ﬁ, and 6 4=12,
the least common multiple of the denominators: then,

1 1x6_6

2 2x6 12

2 2x4 8 . .
3= 3% 4~ jg( are the equivalent fractions,
3_ i x3 9

4 4x3 12

with the least common denominator 12; and the new
numerators are here obtained by multiplying those of
the fractions proposed by the quotients arising from its
division by their respective denominators.

*  Fractions may be compared by means of this rule:

and we see that mized quantities, compound and complex
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fraclions must be reduced to simple fractions, before, it
can be applied.

Fxzamples for Practice.

(1) Bring 2 and 4; L and £; 3 and 3, respectively,
to common denominators.
Answers: 19, —1—%, 2 E 33 3—6
157 15 63’ 63° 44° 44
(2) Reduce to, or express with, a common denomina-
tor, L, 4 and £; also, 4, 4 and §.
35 56 60 and 154 99 84

TSI o ps mpe ANl e, SR
Answers: =, =5 750 3 gt 5ol Zai

(3) Express with a common denominator, the frac-
tions 3, 2, I and 3.
105 260 234 270
ver: - ~ -and O -,
Answer: 057 3957 390 2™ 590

(4). Change the _f'orms of 13, 2} and 3} into those of

improper fractions with a common denominator.
Answer: 140 © 231 anc 330
Y1057 105 105°

(5) Reduce 4, 2§ and 3% to fractions having a
common dcnominator.
3¢ 1265
:.3.326, - _J and
s 495 195

1575
Ans : ST,
nswer 595
(6) Put7, 3, 10} and 20} into fractions of the same
denomination, : '
4312 3885 (720 16104

Answer: &5 616”616 ™ 615

(7) Transform £, 3. and 1 into equivalent fractions,
with the least common denominator.
18 21

Answer: 2 and 21

16
24’
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.(8) What are the fractions having the least com-
mon denominator, which are of equal values with 14,
3 and E?
165 95 49
105° 105 105
(9) Reduce L, 2, & and L to the least common
denominator.

Answer:

12 8 15 d 14
36’ 36° 36 36
(10) Exhibit £, 2, i and 2, as fractions having
the least common denominator.
36 54 68 75
ﬁ’ 8—4’ N E‘; and 51.
(11) Reduce}, 4, 5y and &, so as to have the least
common denominator.
140 105 80 28
1680° 1680° iaso 2™ 16s0°
(12) Represent 1}, 31, 41, and G} in the fewest figures,
50 as to have a common denominator.
_]_8. ﬁ) 51 (1 74<
12° 12’ 12
* (18) Express with the least common denominator.

1. 2 3. 4 5,
o434 and g

Answer:
Answer:
Answer:

Answer:

30 40 45 ﬁand"’—o

60° 60° 60’ 6O 60"
1

+ —

9 11

1
QXﬁ

with the least common denominator.

12 297 400 . 610

36° 86° 36 36 °

(15) Find the greatest and least of‘ the fractions,

+5 459
o.also f3 2’8" d

Answer:

21
] 1
PR su

.
(14) Reduce 7

and 16}, to fractions

Answer:

-;—‘, %and
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(16) sz Z Z) 100 find the greatest and least.

(17) Compare the quantities 2}, = of 98 and g
€

1. ADDITION OF FRACTIONS.

86. RuLe. Express the fractions with a common
denominator; add together the new numerators, and
under their sum place the common denominator : and the
resulting fraction, reduced if possible, will be the sum
required.

For, let 72 and 4] be the proposed quantltxes, which
reduced to improper fractions are T ! and & 5 then, since
addition can be performed only upon quantmes of the

same denominations, these fractions must first be reduced
to a common denominator ; and their sum will be

51 89 408 273 681

78 =56 T 56 = 56

The process in this case may be simplified: for,
the sum of the integers =7 + 4 =11:

the sum of the fractions _g + T ]ﬁf 49 = 65

8 56 1%

and thereforc the entire sum=11+13=12,

=123.

as before; and this is much shorter and easier, parti-
cularly when the numbers are large: but attention to
the following examples worked out, will suggest other
abbreviations and forms of practical importancg.

N . 31 47 3
Ex. What is the sum of— and 5 of'z, 1{ and 23:

of-ofs,,,, 2 of' 17 and— of 53 ofiq-é.
81 47_,, 7
(1) The sum = + 3 4-,+5a_4+5+7+§
24 49 73

=9+55 569t g9t =10
H. A. 4
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38 4
©@ Thesum=~4—+l + 2= 3+3+;;+4'

18 20 4 4
=3+§4‘-+24‘ 3-—-‘;4-117‘4-3:4‘4-13:55
. 2 2 33 1 11 1
8 - 8 = _— —_—— ——
(3) First, 3of 3% 3°f1 i of 5 =
7
~x4x6
'andl—g———‘l‘)< ) 7x6 _Tx3 2
23 10—.7x6x4 l7x4¢ 17 x 2  84°
13 a1 a1,
therefore 2 of 17—ﬁ of 17 ==
8 .. o834 8 .23 .2 @3
also,gofs‘ofﬁl 5OfT°t§_l
whence, the required sum will be
11 21 23 22 105 23 150
-- + 15.

T2 0 " 0710 T
Ezamples for Praclice.

(1) Find the sum of 3 and %4; of % and &; of &
and 7, and of £ and 3.

34 62
Answers: 3—“-51-', 53’ 1) and 1f5.

‘(2z)mdA?:l'2, :l(;,:g(ft;ler 1} and 7}; 2§ and 13,1,;‘ 5, and
eAnswers: 87, 16, 17% and 62},
(3) What is the sum of “ and il,, of (157 and %:
of' and 3 T % of 7 o and Z;

Answers: 339, 13}, 95, 43.

(4) Add together2, 3 and %; 7> 5 and 3; 3,

9. 5 4 1
and 5; 5, 7 and 3.

8
7

314

Answers: 2}, 385° 258, 14.
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(5) Add together L, ¥, 7, 21, 35, 5; 8, 13,

27 ; ¥, 3, 1%
Answers: 543, 1057, 403, 203%.

(6) Fﬁmdl the st:m ’of"‘, ;", %, +;of L & 4 T:

Ofw’ 00 5, 87 °f7. i & At
Answers: 3,‘,, 88, 1%, 2.
(7) Find the sum of 3 of 9%, and & of 8}
B 5 7 2
Answer: 4}

(8) Required the sum of 14-2 and 2 of & of 8: of

2,4  and & of 2: of 2 of 3 of I, L of 2 of ¥,

. 28} 13
Foryor ot org, 04 1
Answers: 197, 585, _fi 103
(9) Required the value of 1‘+“ °f 4
34 51;;

Answer: 5.

(10) Determine the quantity in its simplest form
which shall be equivalent to the sum of the magnitudes,

2 of 3 of 11}, 130f 3} of %, 23 of 43 of .
Answer: 43. )

(11) Find the respective sums of 13, 3, 3, 8y: of

3}, 2, f» T4z and of 2f, 3%, 43, 5.
Answers : 53&2, 14%; and 150%;.
(12) Add together 3, 3, 1w 1> agg® also, 3874,
285}, 894, 2 of 3704: and 33, 7}, 8%, 4.
Answers: 1, 25484 and 23%.
(m) Add together 8, 4, 5l Fof § 3 of ¥ of
s: L oof 2 of' 4, L of 4 of 33, & of 12, 25: and 4,
HE A Y
Answers: 13%, 33 and 8}.
(14) Fmd the sum of L4 4, 4, & B> 5; and

23 23 4
of '}: %’ -}: 18> 30> 40, 8 120
Answers: 3§ and 4.

L J

4—2
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(15) Shew that the simple fraction equivalent to the
1

] 3 1
1 .2 1 4 1 .5 .
1 f _ - — -
value o 3of§p20f;q+l+6of4,lsofthesame
4 16

10[‘7of7

magnitude as that expressed by 13—0 +g of 75 of 55+
~ o

II.- SUBTRACTION OF FRACTIONS.

87. Rurke. Reduce the fractions to a common dec-
nominator ; subtract the less numerator from the greater;
under the remainder place the common denominator,
and the result, properly reduced, will be the required
difference.

For, taking the quantitics 5! and 24, and reducing
* them to fractional forms, we have the difference
=l§-ﬁ=—“%—ﬁ=@=2§f.

3 7T 21 21 21

This operation may be performed in a more conveni-
ent form as follows : -
the difference = 51— 2§=57 - 21#=2}¢: where £, being

greater than 1)71" is subtracted from 2ll+1 or -2(—;, and 1

is carried to the whole number 2, as in Integers.

/ Ezamples for Praclice.
(1) Find the-difference of & and §; of ] and 3;
of 5 andfi,' of 2 and §;; of 13 and 13.
13 22 5 5 1
80’ 63° 99’ 10° 84®
(2) What is the difference of. 19% and 132 ; of 8}
and 17; of 1000 and 384%; of 2793 and 16852
Answers: 68, 9., 615%, 110%.
(8) Required the difference of 13 of 33 and 2} of 163;
of 3 of § and § of 11 of 25: of 2} of 4} and 7} of 10}-
: Answers: 394, 1%, 61%3.

Answers:
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! 1
° (4) Find the difference of g of f—f
-)7
i of 153,

11
Answers: 4%, 18, 7.
(5) Prove that the sum of 5} and 3}, is equal to four

times their difference.

2 15
and 3 of?. of

3 6
=2 and —:
47 1

51
: of 22 of 3
: 2 0 ,of4;and

IIL. MULTIPLICATION OF FRACTIONS.

88. RuLe. Multiply together the respective nume-
rators and denominators, reduced to fractional forms if
necessary ; and the fraction thence arising will be the
product, which may generally be simplified by means of
the preceding Articles.

For, let the fractions be 2 and I; then if £ be mul-
tiplied by 7, the product will be } by Article (74): but
7 being 8 times as great as 7, the multiplier above used
is 8 times too large, and the product % will therefore be 8
times too lgrge also: whence, the product required must be

14
9 =8= Tk 36°
2,7 _2x7_14_ 7
9 8 9x8 72 80
If three or more fractions be proposed, as
3

.. 1 2
i i d —xZx=
their continued product is 2%3%%

31,6 6 1

A R TR YA
1 2 8 1x2x3 6 1

or,Exgxz 2x3x4 2% 4-;

and thus the rule may be proved to be general: also, in
cases like this, the reduction is shortened by cancelling
from the products of the numerators and denominators,
any factor or factors common to both, and effecting the
multiplications of what are left; thus,

1 2 3 1x2x38_ 1x1x1

2334 2x3x4 1x1x

or, the product =

89

2 3
= § and z H
1

2
3% the product of 3 and

, as above.
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Hence, the product of two or more fractions is the
value of the compound fraction of which they are the
conslituent fractions: and thus, Multiplication is here ex-
tended so as to express the part or parts of any quantity :
for. > f 7_56xT7
o G “6x8

I

5 5
3 in the same way as G of 7,

.

5 of-g- and 5 of 7 may be replaced by & Zx7, 5 xg

and 5 x 7, which are %ﬁ % and 35 respectively.
Ezamples for Practice.

(1) Required the product of £ and 2; of % and £ ;
of 2¢ and 73; of 82 and 103 ; of 63 and 145.

Answers: %, O%, 18], 865, 911.
(2) Tind the product of 3, 3 and 5: of 3, 3 and :
of 22, 1% and 3 of 35, fo and ; of 23, 0: and Z:
Answers: -:7—0 4(5) 75 3, 5.
(3) Required the ploduct of 1, 2, & and 4: of
3, % § and Jj: of . 23, 1% and 1z of G3, 95, 124
and 111‘0: of 3, 23, 3, 55 and G}
Answers: ]3, %, 2, 10}, 2492).

4 Multiply 22 by L of 2 of Z: 13 of 7 by %
of 4 of 12: of' 6" by £ of 8} of 3.

133

Answers : 54 0, 414, 15
3
(%) Multlply together = of + and § of B 7 of Z—;:
11§ 4‘5
29 of = of i and 5} of 6 of 203.

33
Answers : 416’ 26.
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Find the continued product of the fractions,
34l ML g 916
3612 12562 520 1763°

Answer: 1.

IV. DIVISION OF FRACTIONS.

90. RuLe. Multiply the dividend by the diyisor in-
verted, and the result will be the quotient, which may
be reduced, when possible: or, which is the same thing,
invert the divisor, and then proceed by the rule for the
Multiplication of Fractions.

For, let 3- be to be divided by 4; then ;—:-4=-;3—8 is

5 times too small, because the divisor has been taken 5
times too great : whence, the quotient will be

3 15

-2_§X5_2_8.

. .15 8x5 8 5
or, the quotient is %=%<71'=7XZ;

and the operation may be expressed in the following
Jorm;
. 3 4 38 5 15
the quotlent_ﬁa- 37Xi" 28
Hence, Division is here extended to express the find-
ing of the fraction, the product of which and the divisor

is the dividend: and the quolient shews what part or
parts the dividend is of the divisor.

91. To denote the division of one integer by another,
as of 4 by 5, we have the quotient

4.5_4 1_4,
o~ 1'1 175 §°
or, in words, a simple fraction may be considered as
an adequate expression of the implied division of the
numerator by the denominator: and therefore the frac-
tion 4, in addition to its meaning as explained in
Article (71), implies that if 4 were divided into five
equal parts, one of these parts is expressed by it. '
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- Ezamples for Practice.
(1) Find the quotient of 2 by §: of & by &: of
4 by S of Wby B, of % py U
m oy 1 of by 15 of 71 by 5.
16 26 38 4
21° ™33° 83° 01"

(2) ‘What is the quotient of 2! by 3: of 10§ by

Answers :

. N 7 17}
155 of 173'by Tit: of L4 by 2
99T g, 2T
Ans.wers. 145, 9; ~g139 35'
(8) Divide 3§ by 4 of 4 of £: 3% of 3¢ b 3411,-‘
J

Jof 9: 15% of 8 by 4 of & of 153: 21 of 5% of 1351
by 31 of f; of 2021, :
7 .
Answers: 147, 8, 197, 7.
(4) Compare the product and quotient of I by

Answer: 00 ang 347

990 990

92, What has been proved in the adaptation of the

fundamental operations to fractions, will furnish the

means of simplifying arithmetical expressions formed

by their combinations: aud, in general, only very slight

menlal exertion will be required, if the attention of the

eye be directed to the composition of the ferms of the

fractions concerned, and their resolution into the factors
of which they are made up.

1 1 1 1 1 1 1 1
al f o ——m == = _(_ =
(1) The value o 3 3+4 3 (2+4) 3+5)
3 8 45 32 13 .

- 2R e - =

415 60 GO0 Go”

10
n*

1 1 1 1 8 5 4
() The valueof<§+3) x (E’E)'E“ LA
4 2 5 3 30 58

(3) The value of (7 Tf) + (6 + 5) =7 8

_ 30 x48 30 x24 _ 720
; T77Tx 58 TTx29 2233°
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(4) To find the value of {2‘+- of T ;;}— 175

3‘ wi
11 7 35 175
3_-". 5 L_>s 89 _ 109,
we have 23 4'T0f33 ,of'lg 38 °
5
}§_§ -2, h th antity within the brackets
2’,!—5—3.wence, e qu y withi e
2 .
nows_g 11 g 115 g5 175
Ta T 38737 4 37 38 127 38
_ 25 {1 7} 25x61 305 _
T 19 g9y ¢ 2180 1E= o8t
25x 61 228
therefore, the value required is BT 505=5-
Ezxamples for Practice.
(1) Required the value of 5.3, g—l, and of
6 4 38 2 .
15_1 13 11
16 15 14 12°
Answers: 1 and 9
T4 560°
(2) Reduce to their simplest forms, the expressions,
1,2 1.8 1
23 68 12°
and 1 3+ 7 11+§+2 J +§
2 8 15 20 6 3 12 5°
Answers: 1% and 2.
. 1 5 .
(3) Multiply the sum of 3 1 and 6’ by the differ«
4 8 o m
ence of V3 and 20° and divide the product by i3 of 1}t.
3
Answer: 1" .
1 1
(4) Reduce = of (6}+22-3), and ( +3+ 4)

(E of 7) to their snmplest forms.

13

Answers: 3} and — 510"
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* (5) Simplify as much as possible, the arithmetical

expression, (l 3.3, g) —(g x2_1, i)
2 8 75 79 8 11
13619
55440°
(6) Determine the simple fraction which expresses
the value of (; X g x 13;) + (%) X ;+ 54).

Answer:

Answer:

9
227"
(7) What is the value of the expression,
2247 903 774 1029,
10177 1107 ~ 615 565
Answer: 1.

(8) Required the value of the expression,

3 .4 2 5
sofi-—ﬁ Of37+§)-0‘,3h.
Answer: 1.

. o (1 1 1 1 1 1 13

(9) Simplify <§+§+Z)+(Q—;+?ﬁ+4_.;)—2_4.
of‘576
264"

1
Answer: —.
88

(10) Prove that the value of the expression,

1 2 4 1 3 1 11 3
.'7Of(1_77-)+f_) Ofm-f-‘-ﬁ- Of‘(§+ﬁ>+% of

2 4\. .
(? + 3> is 1, by the simplest process.

REDUCTION OF FRACTIONS.

93. Our attention has hitherto been confined to
fractions considered generally, without regard to the
parti¢ular species of their unils ; and it remains to apply
what has been said to such concrele quantities as con-
stitute the principal subjects of practical computation.
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94. A Fraction may be transformed inlo another, so
that the value of the unil in the latler may have a specified
relation to that of the unit in the former.

Rure. Multiply or divide the fraction by the num-
bers which connect the different denominations in order,
according as the value of the unit in the required frac-
tion, is less or greater than that of the unit in the one
which is given. .

For, let the fraction be £%, where the unit is one }
pound : then if it be required to find the fraction when .
the unit is one jfarlhing, it is manifest from what has '
been said in the Reduction of compound quantities, that :
in order to retain the same absolule value, we must have .
20 x 12 x 4 times as great a _fraction as the original one:
that is,

£. farthings. far.
2 2 20 12 4 1920
—= X — X — X -

7T 7 1 1 1 7
and the value of the unit in the latter fraction being
ﬁ’mth part of that in the former, the same absolute value
is retained by taking 960 times as many parts in the
latter, as in the former.

Again, reversing the operation, we have

far. £. £. £.
1920 1920 1 1 1 1920 2
T TR e X = X X = i =

7 7 4712720 6720 7’

the divisors 4, 12 and 20 being inverted, according to the
rule laid down for the Division of Fractions.
Ex. Find what fraction of a%rown, is equivalent to
% of a pound.
£- 8. 8. cTowns. or. cr.
1 1 20 2 20 .1 20 1
We bh =l x e ==
avehere4 2 T-2-2"5"20°1
and we know very well that 1 of £1, or 5s., is equal
to 1 crown, expressed fractionally by + cr.

Ezxamples for Practice.

(1) Reduce —;, %— and 5% of a pound, to fractions
of a penny.

240 320 45
Answers: = g and =
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(2) Express 2 of a shilling, & of a penny and 3 of
a farthing, as fractions of a pound. ’
1 1 1
50’ 336 "™ G

(3) Reduce % of a guinea, 3 of a half-guinea and
6§ of a crown, to fractions of £1.
7 63 12
5 160 ™ 7

(4) Reduce 3 of a cwt. to the fraction of 1Ib,
and 4 of an ounce to that of 1cwt.

Answers:

Answers:

21 1
A : = == e
Answers: and 3136
(5) Express 53—; of a yard as the fraction of an
inch, and }§ of an inch as that of a pole.
6

14
Answers: 19 and 1595
(6) Find the fraction of a yard which expresses
3 of an ell of 5 quarters; and that of a day which is
equivalent to {3 of a year of 3G5 days.
5 25

1
Answers: G and z-

M Réﬂuce 2% of a barrel of beer to the fraction

of a quart; and ii of a pint of wine, to the fraction of
a hogshead.

® (4 1
Answers: 31 and 1386

(8) Required the fractions of £10., which are equi-
valent to 4 of a guinea, £ of a shilling, and % of a
farthing.

Answers : 3 1 and - L
50° 900 9000 *

(9) Express § of § of 1 gr. as the fraction of a ton,
and 4} of 2} of a square inch as the fraction of a square
yard.

3
Answers: vry and 2"
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(10) What are the fractions wPich express } of!

13

2151} square yards in acres, and 7 of 5940 seconds|
Y

in weeks?

4 61
Answers: a7 and 8640°

_95. The Value of a compound quantity may be e-
hibiled in the form of a fraction, whereof the unit is of
a specified denomination.

RuLe. Reduce the proposed quantity to the lowest
denomination contained in it, and also the proposed unit
to the same denomination ; then the fraction whose nu-
merator and denominator are these results respectively,
will be the one required. :

For, let it be required to represent 2qrs. 15lbs. as
the fraction of lcwt.: then we have

cwt.

qrs. Ibs 1
2 .15 4 .
28 ‘ 4
71 1bs. 28
112 lbs.

and of the 112 equal parts into which Icwt. is supposed
to be divided, 71 are here taken, so that according to

Article (71), the fraction required will be [ cwt.

96. By the two preceding rules, magnitudes of the
same kind, consisting of fractions of simple or compound
quantities, and connected by the operations of addition
or subtraction, may be reduced to simple fractions of a
given denomination. :

Ex. Find the fraction of £1, which is equivalent to ‘
the excess of £ of a guinea, above the sum of & of a
shilling and 4 of 7s. 6d.

g £

2 .2 21
H —_= — —_—
. ere 3 3)(20

£
z
10°
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s. £ L.
3 3. 1_3.
4 4 20 80°
4 4 3 1
— of 7s. « = ==7
90 7s. Gd. 9 of'8 6
£.

Ezamples for Practice.

(1) Express 4s.11d.; 17s. 114d.; 19s. 103d. and
£1. 18s. 114d. 31 f., as fractions of £1.
59451191 o 07
240° 480° 192 63 °
(2) What fraction is 2cwt. 1qr. 16lbs. of a ton;
2ft. 9in. of a pole, and 3ro. 25po. of an acre?
67 1 29
560, -6 and E.
(8) Express 5bush. 3pks. 1gal, as the fraction of

a quarter ; and 2wks, 5days. 18hrs. as the fraction of a
year of 305 days.

Answers:

Answers:

47 79
i and 1460

(4) What fraction of £2.7s. 6d. is £1. 7s. 81d., and
of 3cwt. 2qrs. 14lbs. is 3cwt. 191bs. 20z.?

oo L ana 2841

, Answers: i3 and 2948 °

(5) Reduce F of 2s. 4}d. to the fraction of a half
crown; and 9s. 104d. to the fraction of 13s. 2}d.
19 58

1
Answers: 30 and TR

Answers:

(6) Required the fractions of £1, which express the
12

values of 3 of S%;; of £1.12s.1}d. and J of £5. 17s. 4d.

. 257 8
Answers: 516 and 3
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(7) Find the simple fraction of £1. which expresses
the sum of 1 of L of 13s. 4d. and % of £ of 10s. 6d.

629 !

1440° !

(8) Expressthe sum of . of a guinea, 3 of a pound,.i

9‘, of a shilling and 1 of a penny, as the fraction of &

guinea; and the excess of 13‘1- of £13. 10s. 104d. a.bove‘i

4 of £1. 2. 9d. as the fraction of £6. -

11,

23
Answers: T and 0

(9) Compare the values of r of a pound, g of a
guinea and ; of 3s. 93d.
. 7040 7056 7007
Answer: 7302° 7302 an 739"

1
(10) Reduce % of {1]9 of £1'—Z7§ of ls.} to

Answer:

14 20 g

the fraction of a moidore of 27s. :
*  Answer: 1885 !

T 5832 i

07. If the Species of the unil be given, the value of
a fraction of it may be expressed by means of @s knows
parls. '

RuLe. Multiply the numerator of the fraction by
the number of parts of the next inferior denomination
which are equivalent in value to the unit, divide the pro-
duct by the denominator, and the quotient is the required
number of parts of that denomination: proceed in the
same way with the remainder, if any, and the parts of
the next denomination will be found: and repeat this
process till the lowest denomination, to which the unit.
is capable of being reduced, is obtained.

For, if the fraction be & of a yard, we have

yds. feet, fr% fe R
5 &5 38 1 .
—_——= _ = 2 "
661" 6~ ;
fr.  inches. in,  in o
1 1212 i
=-x—=—=0:

O] -
)
b
¥
[ e 3
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and therefore the value of %4 of a yard, expressed in
the known parts of a yard, is 2ft. 6in., or 50 in.

98» The preceding Articles enable us to find the
value of the sum or difference of fractional parts of
‘magnitudes of the same kind.

. Ex. Required the sum and difference of g of a
Jpound and 4 of a guinea.

2 Q S. ‘;b S d.
Here, = of a pound==Z of 20=— =13 . 4:
3 . 3 3
' 4 . 4 84
: — of a guinea=— of 21 =—= .4
: g " "8 9 9= 9

b s. do s. d £ s. d.
therefore the sum=13.4+9.4=1.2. 8.

'+ and the difference=13.4-9.4=0.4.0.
The same results may also be obtained as follows:

8- £. £,

. 4 4 21 7
since §=§ * 50~ 15° we have
a 7 17 £. i) d.
==+ —=—=1.2,.8:

the sum 3+15 i3 1

diff 2 7—3 =0.4.0
the ifference=3—7==17=0.4.

and when fractions of the unit of the lomest order occur,
this will be the more convenient method of the two.

Ezamples for Practice.

(1) Find the values of 3 of apound, § of a shilling
and 5 of a guinea.
. Answers: 12s5.; G3d. §f. and 5s.-10d.

i (2) Required the values of $cwt., f;qrs. and 31bs.
Answers: 2qrs. 24lbs.; 10lbs. and Goz.

E’ (8) What is the number of feet in 4 of a mile;
gnd the number of yards in 7 of a league?

: Answers: 4224ft. and 4620yds.

v
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(4) Required the values of gqrs., $ bush. and $pks.
Answers: 1pk.; 1pk. 1gal. and 1gal. 1qt. 13pts.

(5) What is the value of & of a month of 28 days,
and of 3 of a week?

Answers: 3 days. 17hrs. 36min. and 1 day. 22hrs.
40min.

(6) Required the sum and difference of 2 of 5

guineas and £ of - of a pound.
Answers: £4. 1s. 84. and £2. 18s. 4d.

(7) Add together - of a guinea, 1 of a pound, {; of
a crown and ¥ of a shilling.
Answer: 19s. G3d.

(8) Find the sum of ¥ of Gs. 8d., 4 of £2. 3s. 9d.
3
and 2 of L4. 14s. 5d.: also of ~l75f£., } of £1403 and

11
5
12 guincas.
Answers: £5, 12s. 6d. and £50,

(9) Regquired the value of -3- of ;— of 1; of £63048:
e *

and find the worth of } of 3 of this value.

Answer: £40. 4s. 2d. and £1. 10s. 13d. 1 1.

10) Find the value of 3 of a guinea + 8 of a crown
3% %8 8

3 3
+z of 7s. Gd. ~2 of 2d.
Answer: £1. 2s.

RULES OF PRACTICE.

99. We shall here shew how the primitive fractions,
as defined in Article (69), may be applied to the practical
calculation of prices, when the price of an unit of any de-
nomination is supposed to be given : and the tediousness
of the enunciations of the rules at length, will be a suffi-
cient excuse for the mere indications of the processes to
be employed, by means of examples.
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(1) Simple Practice.
Ex. 1. Required the value of 1298 at 17s. 93d. each,
where the unit in 1298 may be of any kind whatever.

Here, we shall have no difficulty in tracing the reason
of the following process:

5. d. £. . d.
w.o{% 1298. 0.0 =price at £1.:
5.0 % 649. 0.0 =price at 10s.:
2.6} 824.10.0 =price at 5s.:
0.3 !i]ﬁ 162. 5.0 =price at 2s.0.:
0.0§ 1! 16. 4.6 =price at 3d.:
i i 4. 1.1} =price at 3d.:

£1156. 0. 74 = price at 17s. 93d.:

where it is observed that the denomination of the result is
the same as that of the unit assumed, which is here £1:
and it is generally most convenient, when possible, to
use the aeliguot parts of the denomination next superior
to the highest denomination of the price proposed.

Ex. 2. Find the value of 750 at 5. 8s. 4d.

Here, proceeding as before, and by Compound Mul-
tiplicatipn, we have the following solutions.

By Practice. By Compound Multiplication.,

s. d £ £ s d
6.8 g‘ 750 | 5. 8.4

5 i 10x5x5x3=750
8750 | 54. 3.4
1.814| 250 | 5
62.10 270.16.8
£4062.10! 5
1854. 3.4
3

£4062.10.0
and the number of figures in the former being much less
than the number in the latter, the practical-advantage of
the method is at once apparent.
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(2) Compound Practice.

Ex. 1. What is the price of 3cwt. 2qrs. 16lbs, at
£3. 7s. 8d. per cwt. ?
Here, the following process will be manifest:
£ s d
qrs. | 4| 3. 7. 8 =priceof lewt:
|

0

141bs.!

3
10. 3. O =price of Scwt:
1 0
QIbs.i 5

. 13 . 10 =price of 2qrs. or § of 1 cwt:
0. 8. 51=nprice of 14lbs. or } of 2qrs:
0. 1. 2l=price of 2lbs. or ! of 14lbs:

£12. 6. 6 =pricc of Scwt. 2qrs. 16lbs.

B

=P
g=pP

Ex. 2. If a servant's wages be £25. 15s. for 12":
months, how much should be received for 7 months?,

Proceeding as before, we have
d

£. s.
6mo. | § | 25.15. O0=wagesfor 12 months:

Imo. | } ]' 12.17. -6.=wages for 6 months:
2. 2. 11=wages for 1 month: i
£15. 0. 5=wagesfor 7 months:

and here, as well as in the preceding examples, the:

operations may be divesied of the explanations affixed

to their right hand, without affecting the clearness of the

principles. '
Ex. 3. Required the value of 2937} at 103d.

d. | s s,

6|L|2937

dis |-

4} 1468, 6

313] 979.0

14| 122.4
61 .2}

lof108d.= 0.5L.4f
2,0)263,1.6.4f.
£1381. 115 6d. 4f.
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where the former part of the operation is simple prac-
tice, and the laller is compound.

Examples for Practice.

(1) 2710 at 1}d. Ans.: £16. 18s. 9d.
(2) 8467 at 3ud. Ans.: £54. 3s. 5d.
(8) 659 at 1s. 7. Ans.: £54. 45, T}d.
(4) 1250 at 2s. 3. Ans.: £144. 10s. Tid.
(5) 328 at 8s. 5d. Ans.: £138. 14s. 4d.

(6) 7851 at 14s. 9ld. Ans.: £5429. 0s. 43d.
(7) 7777 at 17s. 8. Ans.: £6893. 19s. 83d.
(8) 587 at £1.7s.24d.  Ans.: £730. 10s. 10}d.

9) 2937 at £2.11s5.10id. Ans.: £7620. 18s. 0id.
(1(03 74324 at 13s. Gd. ' Ans.: £5032. 8s. 5}1}.
(11) 1580} at 15s. 9d. Ans.: £1205. 1s. 5ld.
(12) 61473 at 17s. Gid. Ans.: £5392. 1s. 0}d. 1f.
(18) 217} at £2. 17s. Tid- ﬁns.: io‘es. 19s. 0}d. }/.
(14) 7693 at £1. 12s. 6d. ns.: £1250. 12s. 0d.
(15) 6743 at £3.19s. 6id. Ans.: £2683. 0s. 9id. } £.
(16) Required the price of 3cwt. 2qrs. 17lbs., at

'£1. 5s. 8d. per quarter.
' Answer: £18. 145, 11d.

(17) Find the cost of 57cwt. 3qrs. 14lbs., at £5. 9s. 6d.
per cwt.
r. Answer: £316. 17s. 33d.

L
~ (18) Find the price of 2cwt. 3qrs. 12lbs., at £1. 7s. Gd.
per cwt.

Answer: £3.18s. 63d. 31.

. (19) How much will the carriage of 5 packages, each
tweighing 4cwt. 3qrs. 21lbs., come to at 12s. 6d. per ton ?
Answer: 15s. 53d.

(20) What isthe value of 450z, 6dwts. 7grs., at 5s.10d.

-an ounce ?
Answer: £13. 4s. 44d.

, @ l(% Required the value of 16yds. 2ft. 10in., at 2s. 63d.
a yard,
s Answer: £2. 8s. 03d. 3.
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(22) TFind the value of 44ac. 2ro. 25po., at £55.16s.73d.
an acre.
Answer: £2498. 4s. 3id. 3 f.

(23) Determine the price of 5cwt. 3qrs. 114lbs., at
£5. 8s. 114d. per cwt.
Answer: £30. 8s. 5Zd.
(24) Find the price of 35qrs. 7bush. 31pks. of wheat,
at 58s. 6d. per quarter.
Answer: £105. 4s. 7id. & f.
(25) If a gallon of mixture cost 5s5. 33d. } /- it is re-
quired to ascertain the price of 53gals. 2qts. 1}pt.
Answer: £14. 5. 21d. Bf.

100. MISCELLANEOUS QUESTIONS.

(1) Ir a person have an eighth of a fifth part of
£2000, what is the value of his share?

| 1 1Ix1 1
Here, —8‘ of 3— E—ﬁ— 4'—0.
£.
herefore his share is - of 2000 = 2% = 36
therefore his share is 20 of 2000 = ~40—- 50:
or, taking it in another point of view, we have.
£.
£ 9000 £
-1- of 2000 = -~ -=400:
5 5
1 400

£.
whence, 3 of 400 = 3 = 50, as before.

(2) The aggregate of 2 and 2 of a sum of money
is £133: what is the sum?

10
Here,§ §__12__£.

therefore, -1—55)- of the sum is £133:

1 .1 .
whence, 13 of the sum is is of £133=£7:
and the sum itself must therefore be 7 x 15 =£105.
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(8) Find what quantity multiplied by g of 4 of 3},
gives a result equal to 7.

.2 .4 2 4.7 98
First, 3 of 3 ofS%-g X EX 5= 15
therefore, the required fraction x 8_7,

’ 159

but since, when equal quantities are multiplied by the
same quantity, the results are equal, we have
28 15 7 15 5

the required fraction x T5*2%"g w12’

5 because 28 X 15_
12’ 15 28

(4) Find what number of times £24. 16s. 41d. is
contained in £335. 1s. 03d.

that is, the required fraction =

£.
Here, 25 . 16 . 4 = 23820
ere, . 16. %—'9-()'0_'
321651
and 335. 1.03="2""_:
7960

whence, the required number of times will be

£, £.

_ 321651 23896 _ 321651 _ 960

960 " 960 T TgG0  * 23826
— ‘_?21_6‘?1_: 2_Z= 13%;

23826 2

that is, £335. 1s. 03d. is equal to 13} times £24. 16s. 41d.:
and the latter being regarded as a compound unif and re-
presented by 1, the former will be represented by 13J.

(5) A person possessed of 2ths of a coal mine, sells
$ths of his share for £2000; what is the whole mine
worth ?

Here, if the mine be considered the unit and be
represented by 1,

3 2 . 3 ‘e .
we havez of 3 of .t--l—o, which is

the fraction of it sold for £2000: thatis, 3 is worth £2000:
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therefore 3y is worth } of £2000, or £666. 13s. 4d. :
and 1, or the whole mine, will therefore be worth

(£666. 13s. 4d.) x 10 = £6666. 13s. 4d. -~

(6) A can do a piece of work in 5 days, B in 6 and
C in 7 : how much of it can they jointly do in 2 days?

Assuming the piece of work to be represented by the
unit or 1, we have

—=part done by 4 in 1 day,

5
1
G oo eesenens ) 2 SO s
1
F o eeeeeneenssasennes C eeevrenenenn ,
1 1 1 42+85+20 107
therefore 3+(—).+7—---- 210 =210

is the part done jointly by 4, B and C in 1 day: whence,
the work done by them Jomtly in 2 days, will be

107 214

310 * 2= gio = 1
that is, they could finish the whole work in 2 days, and
5 of the same work besides.

Hence also, the time in which they would exactly

complete the work is -

107, 210_210_ .,
l*glo_lx 107—107—1 2 days.

(7) One half of the trees in an orchard are apple
trees, one-fourth are pear trees, one-sixth plum trees,
and there are 50 cherry trees: what number of trees
does it contain?

Representing the number of trees in the orchard by
the unit or 1, we have

4 =number of apple trees:
4=number of pear trees:
1 =number of plum trees:

and the sum of these numbers = -1-.+ 3t é = 11..1_.
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11
. 12712
«that is, 11'2' of the whole number of trees = 50;
and the whole number is therefore = 50 x 12 = 600.
This solution is easily verified; for, we have
the number of apple trees =4 of G00=300:
the number of pear trees =1 of 600 =150:
the number of plum trees = of 600 =100:
the number of cherry trees ............ = 50:

whence, the number of cherry trees = 1 -

and the number of trees in the orchard = 600.

Ezamples for Practice.
(1) If & of a lottery ticket cost £4.10s,, what is
the price of ] of a ticket?
Answer: £4. 10s.

(2) The owner of  of a ship sold ;} of 5 of his
1

share for £12%; what would i—f of 2 of it cost, at the
1

same rate?
Answer: £200.

(8) Express a degree of 69 miles in metres, where
32 metres are equal to 35 yards.
Answer: 111835} metres.
(4) If I import 5763 bushels of wheat for £1800.

18s. 9d., and pay an import duty of 10}, per cent. on the
money thus laid out, what is the duty per bushel ?

Answer: 7id.
(5) Find the value of the metre of France, in terms

of the foot of Cremona, if 48 Cremonese feet = 56 English
feet, and if the metre be 397 English inches.

Answer: 2} feet.
(6) What number is that, whereof the part expressed
by 4+ ] +} is 45°?
: Answer: 60.
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~7(7) 1If a person lay out § of his income in board
and lodging, } in clothes and save £60. a year: what
is his income?

Answer: £216.

(8) After detaching 3 and i3 of a company of soldiers,
the general had 1110 left: required his original force.

Answer: 4200 soldiers,

(9) What is the capacity of a vessel, out of which
when a third of it is empty, 35 gallons being drawn,
there remains 3- of the whole content?

Answer: 120 gallons.
(10) A post has one-foiirth of its length in the mud,

one-third in the water and 10 feet above the water: find
its whole length.

Answer: 24 feet.

(11) If 3 of an estate be left to the elder and the
remainder to the younger of two children, and the differ-
ence of their legacies be £225: find the value of the

estate.
Answer. L’ﬁb’O.

(12) A ship and its cargo are worth £l7600: and
the cargo is worth seven times as much as the ship: find
the values of the ship and cargo.

Answer: £2200. and £15400.
(13) Of a field 1 is meadow, 2 is arable and the
remainder is 1ac. 3ro. 26po: find the quantities of mea-
dow and arable land.

Answer: 3ro. 24po. and lae. 2ro. 30po.

(14) 4 met two beggars B and C, and having ‘%‘ of

17216 of Z; of a moidore of 27s. in his pecket, gave } of §.
2

of it to B and } of the remainder to C: what did
each receive?

Answer: B received 6d. and C had 2s. 64.
H. A 5
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S (15) 4 had at firsy £1. 8s.; and B, when he had
1
paid 2?} of £1. 11s, 6d. to A, found that-he had re-

s
maining g5 of what 4 then had : what had B at first?
Answer: £7. 8s.

(16) A canreap a field in 5 days gnd Bin G days,
working 11 hours a day ; find in what.time 4 and B can
reap it together, working 10 hours a day.

Answer: 3 days, .

(17) If 4 and B can do a piece of work in 18 days,
Aand C in 12 days and B and Cin 9 days, find the
time in which 4, B and C can deeit.

Answer?”" 8 days.

(18) If a cask be emptied by two taps in 4 and 6
hours respectively, in what time will it be emptied by
both of them together, the rates of efflux remaining the
same throughout ?

Answer: 2hrs. 24min.

‘/(19) 4, B and C can perform a piece of work in 12
hours: also, 4 and B can do it in 16 hours and 4 and C
in 18 hours: what part@f the work can B and C do in
9% hours?

Answer: 4.

(20) A cistern is filled by two spouts in 20 and 24
inutes respectively and emptied by a tap in 30 mi-
nutes: what portion of it will be filled in 15 minutes
when they are all left open together, the influx and efflux
being uniform ?

Answer: .

(21) In an orchard, } of the trees are apple trees,
4 pear trees, } cherry trees, § filbert trees and there are
12 walnut trees: what is the number of each sort ?

Answer: 80 apple trees, 60 pear trees, 48 cherry
trees, 40 filbert trees and 12 walnut trees,
J(22) A person after paying away one third of his
money together with £10,, tinds that he has remaining
£15. mare than its half: what money had he ?

Answer: £150.
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(23) A farmer pays a corn-rent of 5 quarters of
wheat and 8 quarters of barle}, Winchester measure:
what is his rent, wheat being at 60s. and barley at
54s. per quarter, imperial measure, it being assumed
that 82 imperial gallons are equivalent to 88 Winchester
gallons?

Answer: £22. 8s.

(24) A can do a piece of work in 4 hours, B can do
2 of the remainder in 1 hour and C can then finish it in
20 minutes : in what time can 4, B, C together do it ?

Answer: 13 hours.

(25) A person leaves } of £10000. to his wife, § to
his son and the rest to his daughter. The wife leaves  of
her legacy to the son and the rest to the daughter: but
the son adds hisgortune to his sister’s and gives her } of
the whole. How much does the sister gain by this pro-
ceeding ?

Answer: £333. 6s. 8d.

(26). If 4 in 2 days can do as much work as Cin
3 days and B in 5 days as much as C in 4 days: what
time will B require to.execute a piece of work which 4
can accomplish in 6 weeks? .

Answer: 11} weeks.

(27) A cistern has. three pipes 4, B, C: A4 and F
can fill it in 3 and 4 hours respectively and C can empty
it in 1 hour: if these pipes be opened in order at 1, ¢
and 3 o’clock, prove that the cistern will be empty at 12
minutes past 5.

(28) If A can do half a piece of work in 3 hours,
which is twice as much as B can do, and 4, B, C can
together do the whole in 24 hours: shew that C can dc
in 5 hours as much as B can do in 9 hours.

5—2



CHAPTER V.

THE THEORY OF DECIMALS.

101. Drr. I~ the Notation of Integers, it has been
seen that the figures in the units’ place alone retain their
absolule values, whilst the local values of figures in other
situations increase fenfold for every figure we advance
towards the left hand from that place. Therefore, in
beginning at the /eft-hand figure of any number and

roceeding towards the right hand, it follows that the
})acal value of every figure will be a lenth part of that
which immediately precedesit: and if we suppose figures
to be situated to the right of the units’ place, and this
kind of tenfold subdivision to be extended to them, it is
manifest that the local values of such figures in order
from the place of units, will be a tenth, a hundredih, a
thousandth, &c., parts of their absolute values.

Hence, we are enabled to represent integers and frac-
tions by one uniform system of notation, by merely mark-
ing the pluce of units : and whilst Infegers are expressed
by figures in the units’ place and in places to the lef? of
it, Fractions will be represented by figures situated in
places on the right of the units, called the places of
tenths, hundredths, thousandihs, &c.

In this manner originates the system of Decimalv,
being merely an extension of the Notation of Integers :
and though there are decimals of all denominaticns as
Decimal Inlegers, yet from the circumstance of the system
representing only teath, hundredth, thousandth, &c., parts
of the unit, all fractions belonging to it are termed
Decimal Fractions, in contradistinction to Vulgar Frac-
tions, whereof the denominations may be any parts what-
ever.

Whence, Decimals may be defined to be Frac-
tions whose denominators are 10, 100, 1000, &c., these
denominators not being mritlen as in Vulgar Fractions,
but expressed by the position of what is called the
Decimal Point.
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NOTATION AND NUMERATION OF DECIMALS.

102. If we suppose the digit 1 to occupy the units’
place, the following scheme will point out the deno-
minations of the figures to the left and right of it, and
it may be extended so as to include both integers and
fractions of all local values whatever :

T4 F %

N RV I
i E 2 & 5 & =z E 3
&. 4 3 2 1 2 8 4  &ec.

and a mixed quantity, formed of integers and fractions,
is separated into its infegral and fractional portions by
means of the Decimal Point placed on the right of thz
units’ place, which dispenses with the description, of the
local denominations, above given.

Thus, in 4321.2345, the figures 4321 on the left
of the point denote so many integers, and the figures
2345 on the right of it, so many fractions, namely, 2 tenths,
3 hundredlhs, 4 thousandths, and so on: and the express-
ing and reading of Decimals will evidently be conducted
upon the respective principles of the Nolation and Nu-
meralion of integers: also, inasmuch as Inlegers denote
assemblages of two or more units, Decimals will repre-
sent assemblages of two or more tenth, hundredth, &c.,
parts of an unit.

Relation of Decimals to Vulgar Fractions.

103. From the statements made in the preceding
Articles, it is obvious that every magnitude made up of
one or more decimals is equivalent to, and may be ex-
pressed by, one or more vulgar fractions having 10, 100,
1000, &c., for their denominators: and that all mired
quantities expressed decimally may be represented by
means of whole numbers and vulgar fractions of similar
denominations. )

104. Every Decimal may be ezpressed exactly by a
vulgar fraction. .
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38 2 7 _ 82T,
Thus, -327=15 * 100 * 7000 ~ 1000°
4 5 9 459

0
0459=15* 100 * 1000 * 10000 = T0000"
8 1 6 13816
13-816~]3+E+i0'6+m)= 000

and hence we infer that a decimal will always be equi-

. valent to the vulgar fraction formed by taking it con-

sidered inlegral, for the numerator, and by placing 1,
with as many ciphers as there are decimal places con-
tained in it, for the denominator.

In these instances, we see that the reduction to a com-
mon denominator, so tedious in vulgar fractions, is
entirely dispensed with, and the immediale comparison
of fractional quantities is one of the great advantages of

- the system.

327 .
1000”
327 thousandths, the decimal having always the deno-
mination of its last figure on the right hand: and con-
versely, every vulgar fraction having 10, 100, 1000, &c.,
for its denominator, may be immediately represented by

Since .827 = tis evident that .327 may be read

" a decimal, by beginning at the figure on the right hand

of the numerator, and pointing off as many decimal places,

_ supplied with ciphers toward the left, if necessary, as

there are cipl.lers in the denominator.

»
105. Ciphers annexed to the right hand of a Decimal
Fraction have no effect upon its value.

37 370 37

Thus, -37= 56" 57> 100 ~ 100"
3700 _ ST on:
3100= 16000 =100° "¢ % O

as appears also from the consideration, that there are no
thousandths, &c., in addition to the tenths and hundredths
expressed by .37.

106. Every cipher affized to the lefi hand of a Decimal
Fraction gficr the point diminishes-its value tenfold,
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43 43 43

Thus, .48 = 100" %% = 1006’ "°**3= 16000’ &e.;
where each fraction is a tenth part of that which imme-
diately precedes it: and indeed this is evident from the
circumstance of every figure being reduced one denomi-
nation lower by means of eack cipher.

Hence, Multiplication and Division by 10, 100, 1000,
&c., are immediately effected, by shifting the decimal
point onc, two, three, &c., places towards the right and
left respectively.

107. Every Vulgar Fraction may be expressed cither
accurately or approximately by a Decimal. .
Let us take the fractional quantities 3 and 4;: then,
3_3000_ }(s000) _ 375 _ ...
8 8000 1000 1000
7000 _, . 15(7000)

7 4 = 4 4+ B
and 4= 4+ 15500 1000

—a+ - 44 .056=4.056:
=*T 000" T T TR
whence we have the following Rule.

Rure. Divide the numerator of the fraction with
as many ciphers annexed to the right of it, as may be
deemed necessary, by the denominator : and the quotient
comprising as many decimal places as there are ciphers
annexed, will be the decimal required.

If the division do not terminate, ncither is the cor-
responding decimal finite, and the yulgar fraction is
expressed only approzimatcly by the decimal fraction
thus found: three or four ciphers are generally sufficient
for all practical purposes, but the approximation will be
nearer, the further the division is continued, inasmuch
as by every succeeding step of the operation, a decimal
fraction of an inferior denomination is added to the value
already obtained.

Ezxamples for Practice.

(1) Transform the decimals, .5, .75, .625, .1875,
2.50, to vulgar fractions in their lowest terms. '
35 3 6
4’ 8’ 16° 25°

+

1
Answers: 3°
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(2) Find the simplest vulgar fractions equivalent to
the decimals: .432, .00625, .1015625, .0109375.

Answers: b4 1 18 T
T 1257 1607 128° 640°
(8) What vulgar fractions are equivalent to the
mixed decimals:
1.075, 3.01875, 7.0046875, 13.0005859375 ?
43 483 4483 66563
40° 160’ 640’ 5120 °
(4) Convert the following vulgar fractions:
8 5 809 13 2504 into decimals
4’ 8’ 128° 1600 625 eemmats:
Answers: .75, .625, 3.1171875, .008125, 4.0004.
(5) What are the decimal fractions equivalent to the
49 7 am,
257 125° 2560° 06250°
Answers: .16, .072, .006640625, .03808.

5 2 1 12§
16, ]-1—5 of llz, 1—()‘!_" as

Answers:

vulgar fractions

(6) Express 3 LI

%’
decimals.
Answers: 3.16, 4.3125, 12.75, 1.25,

(7) Represent the approximate values of
1 2 38 5
% 3 7, -l_f and —
by three or more places of decimals.
Answers : .338&c., .2857142 &c., .2727 &c., .384615 &ec.

1. ADDITION OF DECIMALS.

108. Rurk. Place the quantities so that all the
decimal points may be in the same vertical line, to insure
the combination of those of the same denominations: and
add them together as in integers, taking care to place
the decimal point in the sum, immediately under those
of the quantities proposed.
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Ezxamples.
.419 25.6
.0256 4.8035
.08 .009
21734- 653.27
74-194' 683,684

Proof by Vulgar Fractions.
Using only the latter example, we have

056296 _ 25600
10 = 1000
4.805= :’gg; .
009 = _lOLOO :
g 210

whence, the sum =

25600 + 4805 + 9+ 653"70 683684- _
= 000 ~ =000 683.684, as above.

Hence, decimals are said to be reduced to a common
denominator, when ciphers are supphed so that there is
the same number of decimal places in each

II. SUBTRACTION OF DECIMAIJS.

109. RuLk. Place the less % antity under the
greater as in Addition; suppose ciphers to be supplied
if necessary, in the upper line; and the difference, found
as in integers, will have as many decimal places as are
contained in each, either expressed or understood.

Ezamples.
.70538 41.62
.6729 34.917
.0324 6.703

5—5
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Proof by Vulgar Fractions.
In the latter of these examples, we have

11,62 — 54917 1102 _ 34917

100 ~ 1000
*41620 - 34917 (703
T 771000 T 1000 6703,

as before ; and the necessity of supposing the cipher to
be supplied is here shewn.

ITII. MULTIPLICATION OF DECIMAILS.

110. Ruik. Multiply together the quantities pro-
posed as if they were integers: and the product will con-
tain as many places of decimals, as there are decimal
places in the multiplicand and ultiplier together.

Ezamples,
45 6.27
21 15.9
45 5643
90 5135
0945 627
T 99.693

where the former product, found as if all the quantities
were whole numbers would manifestly be fen thousand
times too great, because 45 and 21 are a hundred times

. as great as .45 and .21 respectively; and therefore the
true product is obtained by, placing the decimal point
Jfour places towards the left hand, by Article (106).

Proof by Vulgar Fraclions.

The latter product in these examples is

62?. 159 _ 99-@? = 00.693, as above.
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IV. DIVISION OF DECIMALS.

111. Ruik. Supply the dividend with ciphers to the
right hand, if necessary, and divide exactly as in inte-
gers: then the quotient will have a number of decimal

laces equal to the excess of the number of such places
in the dividend above that in the divisor.

Examples.

012)241728 2.5).1875(.075
20.144 175
—_— 125

125

In these instances, the numbers of decimal places in
the quotients are the excesses of the numbers of decimal
places in the dividends above those in the divisors, be-
cause the divisors and quotients must together comprise
as many places as the dividends, by the last Rule.

Proof by Vulgar Fractions.

.. 1875 25 1875 10 75
Here, .1875+2.5 = 1,66 " 70 ~ 10000 * 25~ 1000

=.075, as before.

If the divisor and dividend have the same number of
decimal places, the quotient will comprise no decimal
places as there is no excgss: but if there be more places
in the divisor than in the dividend, ciphers must be sup-

#plied so as to render the number in the dividend not less
than that in the divisor, before the rule can be applied :
and the reason of this will be seen in the following
example:

625 25 625 1000 625 1000

B o — - e = — - —
62.5+.025= 7+ 15606= 70 * 25 ~ 25 * 10

x 100 =2500, where theresis annexed to the right of the
quotient obtained as in integers, a number of ciphers
equal to the excess of the number of decimal places in
the divisor above that in the dividend, the quotient being
the integral quantity 2500.

If the division do not terminate, three or four decimal
places in the quotient are generally sufficient.
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Ezamples for Practice.

(1) Express in decimals ; One and Fifty four hun-
dredths Twenty four and Seventy nine thousandths;
Three hundred and fifteen, Eight thousandths and Fifty

», millionths.

i (2) Find the sum of .295, 3.086, 12.87, .0051, 729.54 :
., also, of 3(08.26, 360.826, 36.0820, 3.60826, .22314.

v (8) Add together 36.053, .0070, .000952, 417,
"' 85.5808, .0000501 : and prove it by vulgar fractions,

(4) Find the difference of 27.903 and .054: of
“« 7295.00 and 254.738: of 35.08989 and 3.508989.

(5) Required the excess of 2.057 above 1.0097 and
" of 3.025 above .003025: and prove the results.
. (6) Required the product of .718 and .57: of 16.8
: and .0024: of 144 and .0625: of 12.5 and .062216.

(7) Multiply 270.56 by .37025: .00579 by 3790.8:
' .884759375 by .00032: and prove them.

(8) Find the continued product of .275, 2.75 and
217.5: also, of 3.24, 2)3 and .0028.

(9) Required the quotient of 35.9424 by 7.02: of
.278831 by .653 : of 11.444495 by 4.735: of 020872522
"~ by .08635 : and prove them by vulgar fractions.

(10) Divide .0257 by .0041: 825.46 by .0187: .0719
2 by 27.58: to three or more places of decimals.

’ (11) Find the quotlent of 1.68 by .024: of 971.74
"by .123: of 142,025 by .0437: of 84.375 by .00375:
- and prove the results by vulgar fractions.

(12) Simplify the arithmetical expressions, 5—3.22
.+ 2383 — 1.4444 and 75.012 — 7.50123 + .7501234 —
075012345.

Answers: 2.6686 and 68.185881055,
(18) Express in the decimal notation, the value of

2567 9
10000°

4
i

EPRE 3 o

8.0625 — 63— .00875 + 1.09236 -
Answer: .54321.
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(14) Simplify 1.26 of 66§ + 5} of 1.0875 and 3} of

.003—.0011 of 7}.
Answers: 80.395 and .0029,

(15) Reduce to decimal forms, the following ex-
pressions:

2.004 38375 .0295 1.18

167 T4 © 304 T.00152 *
3.25 — 2.765 + 8.125 x 8 - .607095 + .027.

Answers: 10.125, .0000125 and 8.

REDUCTION OF DECIMALS.

112. A general view having now been taken of deci-
mals, we proceed to shew how they may be made to
change their denominations when they are considered as
belonging to-a particular unit; and in what ways the
may be adapted to the practical computations in whici
they are most frequently employed.

113. 4 Decimal may be changed into another, whose
denomination shall have a given relation to its own.

Rure. Multiply or divide the decimal by the num-
ber or numbers which connect the denominations in order,
according as the denomination of the required decimal is
lower or higher than its own.

For, from w}lat has been said in the reduction of
compound quantities, it is evident that

cwt. qrs. qrs. Ibe. gqre  grs. cwt cwt
14 5
16 =.16 x 4 =.64 and 14—ﬁ_. _Z_'125'

114, A compound quantity may be exhibited in the
Jorm of a Decimal whose denomination is given.

RuLe. Divide the lowest denomination by the num-
ber which connects it with the next, and to the left of
the quotient affix the number of this denomination: and
continue the process till theerequired denomination is
obtained.

Let us take 7fur. 25 po., and express it as the decimal
of a mile:; sthen,
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Po. rur fur. mi for. mi. ml

25———— 625= gzi- .078125 and 7= -=.875:

=1

ou

_ whence, the decimal wxll be .078125 + .875 =.953125 of
~ a mile: also, the same processes are comprised in the
. following more convenient and practical form :

: 40)25.000
; 8)7 625000
953125

* which suggests the Rule

" 115. The value of a Decimal may be cxpressed by
means of the known parts of ils unit.
Rure. Multiply the decimal by the numbers which
. connect the successive denominations in order; and the
i integral {;rts of the products taken oul, as they occur,
i will be the value required.
For, to find the value'of .655 of a day, we have
days. hrs. hrs.
655 =.655 x 24 =15.72:
hrs, min.
.72 72 X 60 43.2:
min. sec. acc.
2= .2x060=12:
that is, 15hrs. 43min. 12sec is the value required: and
the following form amounts to the same thing, furnish-

ing the Rule. .
days.
655

2 4

2620
1310

hrs. 15.720
60

min. 43.200
60

sec. 12.000



REDUCTION OF DECIMALS. 111

Ezamples for Practice.
(1) Express £.00375 as decimals of a shilling and
a penny.
Answers: .075s. and .9d.

(2) What decimals of a pound are 8.4 of a penny
and .4068 of a farthing?

Answers: £.035 and £.00042375.

(3) Reduce 2.15lbs. to the decimal of a cwt. and
24 yards to the decimal of a mile.

Answers: .01919 &c. and .0136 &c.

(4) Reduce 7oz. 4dwts. to the decimal of 1lb. and
2qrs. 3inls. to the decimal of an English ell of five
quarters.

Answers: .6 and .555 &e.

(5) Reduce 12hrs. 55min. 23} sec. to the decimal of
a day and 5days. 12hrs. 25min. 37.92sec. to the decimal
of a week.

Answers: .538461 &c. and .788257 &c.

(6) Express 12s. 63d. and 155. 93d. as decimals of
£1. and £4. 13s. 44d. as a decimal of £5.

Answers: .628125, .790625 and .93375,
(7) Reduce 1s. 3d. to the decimal of 10s., 5s. to the
decimal of 13s. 4d. and *18s. G3d. to the decimal of

15s. Gdn -
Answers: .125, .375 and .875.

(8) TFind the values of .45 of £1., .16875 of £3. and
2.36875 of £6.
Answers: 0s., 10s. 13d. and £14. 4s. 3d.
(9) Required the values of £.5675, .875cwt., .6875
yds. and 13.83375 acres.
Answers: 11s. 44d., 1qr. 241bs., 2qrs. 3na. and 13ac.
Iro. 14po.
10) What are the values of .203125qrs. and
.78625bush. of corn ?
Answers: 1bush. 2pks. 1gal. and 2pks. 1gal. }qts.



112 RECURRING DECIMALS.

(11) What is the value of .07 of £2. 10s. and of
.047460937‘5 of £10. 13s. 4d.?
Answers: 3s. 6d. and 10s. 11d.

(12) Find the valuc of .5 shillings + .7 crowns +.125

pounds.
Answer: Gs. 6d.

(13) Reduce £24. 16s. 43d. and £167. 10s. 61d. 1 £,
to decimals of the same denomination, so as to find how
" often the former is contained in the latter.

Answer: 6.75.

(14) Express .375 of a guinea + % of a crown +.3

of 7s. Gd. --ﬁ- of 2d. as the decimal of 16s.
Answer: .6875.

! RECURRING DECIMALS.

116. Der. In the conversion of a vulgar fraction
into a decimal, if the division performed according to
the rule laid down in Article (107) do not terminate,
but the figures of the quotient continually recur in some
certain order, the result is called a recurring or circulaling
decimal : the quantity repeated is styled its period and
s termed a simple or a compound repetend according as
Jdt consists of one or more figures: and the exlent of the

riod is denoted by means of dols placed over the
first and last of the figures which compose it.

If the quotient comprise other figures besides those
which are repeated, it is called a mizred circulating deci-
mal, as it consists of a non-recurring and a recurring part.

Ex. 1. Convert § and 3 into decimals.
Proceeding according to the Rule, we have

3)1.0000&c. 2 {3)4.oooooo&c.
T .3333&e 9)1.3333383&e
.148148 &e.

whence, % =.3333&ec. and % =.,148148&¢c.:
1}
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the former having the simple repetend 3 and the latter
the compound repetend 148: and these repetepds being

denoted by 3 and 148 respectively,
we have §=3 and %=.i4é,
which are termed pure circulates.
Ex. 2. What is the decimal corresponding to =P
As in the preceding instances, we have
{6)5.00000 &e.

6).83333 &

.13888 &o.

whence, _—,f-, is equivalent to the mized circulating decimal
.13888&c., the mom-rccurring part being 13 and the
;e

recurring part 8, and it is written S—JG =.138.

Conversely, every pure or mixed circulating decimal
must be equal to, and expressible by, a vulgar fraction.

117.  To find the vulgar fraction which shall be equi-
valent lo a pure recurring decimal.

L'et_ the circulates be .666 &c. and .9696 &c., or .6
and .96 : then if| for the sake of conciseness, we suppose
the symbols x and y to represent their values, we shall
have the following results from Article (106) :

r= .660 &c. y= 9696 &c.
10 times x = 6.666 &c. 100.times y = 96.9696 &c.

whence, subtracting in each case, the former from the
latter, we obtain

9 times z = 6, 99 times y = 96,
6_2. _96_32
and T=g5=3" andy_gg_ss.

that is, the vulgar fractions are :;- and 33
These results may easily be verified, and from them
we derive the following Rule.
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RuLe. Make the repetend the numerator of a fraction
whose denominator shall consist of as many nines as there
are figures in the said repetend : and this reduced to its
simplest terms will be the vulgar fraction required.

118. To find the vulgar fraction which skall repre-
sent the value of a mized recurring decimal.

Ex. To ascertain the vulgar fractions equivalent to
27 and .2457, we have, by abbreviating the forms,

10z = 2.7 100y= 2457
100z = 27.7 10000y = 2457.57

whence, subtracting the second line from the third in
each case, we find

90z = 25, 9900y = 2133,
a.nd.t-ﬁ—i- and _ 2433 _ 811
=90 18° Y= 9900 = 5300
and these put in the following forms,
_25 _e7-2 _ 2453 _ 2407 - 24
90”90 4= 9900 ™7 gyoo

furnish us with the following Rule.

RouLe. Make the non-recurring and the recurring
parts taken fogether, diminished by the non-recurring
part taken alone, the numerator of a fraction whase
denominator shall consist of as many xincs as there are
recurring figures, followed by as many ciphers as therc
are non-recurring figures ; and this reduced to its lowest
terms will be the vulgar fraction required.

119. It will hence appear that the arithmetical ope-
rations upon recurring decimals, may be correcily effected
by means of the same operations performed upon their
squivalent vulgar fractions. :

Ex. Let it be required to find the sum, difference,
product and quotient, of the recurring decimals .6 and

296.
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Here, by the rules, we have .6 = g and .296 = -§-:

27
therefore, the sum = 2 + 587 = %g =.962.
the difference = %— ;—7 = %g =.370:
: the product = % x 2% = l—(: =.197530864:
the quotient = % + 2% = % =2.25:

the first three of which are recurring decimals and the
last a terminating quantity when expressed decimally : and
it may be remarked that the same results could have been
found from the immediate operations, only by means of
a less satisfactory process.

120. In the same manner recurring decimals of spe-
cified units may be treated, and their exact values thence
obtained.

Ex. Find the value of .16 of a pound sterling.

£ £ s. 5. & d
s 1 1 20 20
Here, -IO—B—BX T—F=3 . 4

121. Since, in converting a vulgar fraction into a
decimal, either 1, 10,100, 1000, &c., or their mulliples are
divided by the denominator, it is evident that the decimal
will ferminate or not, according as these numbers are
divisible by the denominator or not: whence, as the only
incomposite factors of 10, 100, 1000, &c., are 2 and 5,
it follows that vulgar fractions whose denominators can
be resolved into these factors are fimite decimals, whilst
all others are recurring quantities.

3 3
T —_———=.0 i i :
hus, 30-3x5%3 6 a finite decimal
S__5 . .416 a recurring decimal.
12 2x2x8

It is clear that at every step of the division, the re-
mainder must be less than the denominator of the fraction,
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and therefore the number of different remainders can in
no case exceed the denominator when diminished by 1:
hence, the same operation will have to be repeated upon
the same figures, whenever the division does not termi-
nate, so that the figures in the remainders and quotients
must necessarily recur with the same limitation.

5

=2 =.384615 and in

Thus, in §=.fi-2857i, in 13

7
ﬁ =1.7857 l4é, the periods consist of siz figures.

Also, to shorten the operation for determining the
period when the denominator is not a small number, as
5
for instance in —, we may proceed as follows:

17

¥©

. 1 c ..
since o = .05882%, by actual division:

6 § -t
therefore ﬁ=.05889[} x 0=.55204%:

1
whence, 7= 05882352945

o
again, = .05882352945 x 2 =.11764705883,
which gives %:.658823529411764’}05881‘7,

and therefore 1—57-=.é9411764705882352941f,,

whereof the period comprises 16 figures: and this pro-
cess proves t}:at in such instances the period consists
of the same digits whatever the numerator of the fraction
may be, and merely commences with a different figure.

Again, we have 1;—3539 = 8.45, the period of which is
a mized quantity ; but for the application of the pre-
ceding rules, we may put it in the form 1315%9:3‘455’
whereof the period is entirely fractional.

»
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Ezamples for Practice.

(1) What are the recurring decimals corresponding
to the vulgar fractions,

2 8 18 5 1%,
9’ 11' 99’ 37’ 55
Answers: éz, 27, .18, .185, 2.345.

8
(2) Convert l‘g 3 and mto recurring decimals.

Answers: 307692 .12195 and .1509433962264.

(3) Find the vulgar fractions equivalent to the re-
curring decimals: .5, 027 .584, 4263
5 1 178 1421
Answers : 9’ 37 333" 3333"
(49_What vulgar fractions will represent the values
of .30, .47543, .6761904, .008497133?
239 5958 71 83
660 8325° 1057 9768 °
(5) Requu'ed the least numbers of which .47G190

is the recurring quotient: and find the error in the cor-
responding fraction when .47619 is taken to represent it,

1
233331°

(6) Multiply .571428 by 1.25 and divide .461538
by 30.

Answers:

Answers: 10 and 21, and -

Answers: .'i14~285' and .0153846,
(7) Find the sum, difference, product and quotient
of .96345 and .3.
Answers: . .
the sum =1.29678, the difference =.63012,
the product = .32115, the quotient=2 .89036.
(8) Find the value of .97291G of £1. and of .0138
of 8.5 moidores of 27s. each.
Answers: 19s. 53d. and 1s. 33d.
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(9) What is the value of 234, when the unit is
worth £20. and the worth of .3 of .3, when the unit is
valued at £108?

Answers: £4.13. 81d. Bf. and £12.
(10) Find the value of 1.916 of 8s. and of 3.07 of
11s. 3d.
Answers: 15s. 4d. and £1. 14s. 74d.

(11) Determine the value of 46.¢ 00 of 1mi. 6fur. 20po.
and of 18.275 of 5} acres.
Answers: 85mi. 7po. 1lyd. and 73ac. 2po. 20}yds.

(12) Reduce 1.7857142 of a cwt. to its proper value,
and find what decimal it is of a ton.

Answers: I1cwt. 3qrs. 4lbs. and .089285714.

(18) Required the exact value of K ( ofegls; 6d.
— .84 of 16s. 6d. +.927 of £2.10s. 5d.
Answer: £1.18s. 7d.

(14) Find the va]ue of .2083 of .3428571 of a cwt.
and of .846153 of .081 of £6. 10s.
Answers: 8lbs. and 9s.

(15), Find the value of 28a7l4 of 30L +
6.857142£ + .6 of 714285 of .6£ + 1.3 of .428571s.
Answer: £15. 15s. 10id.



CHAPTER VI

RATIO AND PROPORTION,

WITII THEIR MOST IMIORTANT APPLICATIONS.

RATIO.
122. Dgr.1. Ratioisthe relation which one number
has to another, or, which one quantity numerically con-
sidered bears to another of the same kind, the comparison

being made by observing what mulliple, part or paits, the
former is of the latter.

Thus, the relation of the abstract numbers 4 and 2 is
writlen 4 : 2, and read four to two; and it will be ez-

pressed, by ;: 2: the same being used to denote the rela-

tion of the concrete quantilies 4 and 2, provided they
be of the same kind and of the same denomination.

123. DEr.2. Of thenumbers or quantities compared
and called the Terms of the ratio, the former is styled
the Antecedent and the latter the Consequent ; also, the
ratio is said to be a ratio of greater or less Inequality
according as the antecedent is greater or less than the
consequent, and it is a ratio of Equalily when these
terms are equal.

Thus, 6 : 5 is a ratio of greater inequality ; 4 : 91is
one of less inequality, and a ratio of equality may be
denoted by 1: 1, or 2: 2, or 3 : 3, &c., at pleasure.

124, Hence, the Magnilude of a ratio is expressed
by the vulgar fraction whereof the antecedent is the Nu-
meralor and the consequent the Denominator ; thus, the
ratio of £9 and £12, written 9 : 12, will have its mag-
nitude expressed by the fraction 5, or, reduced to its
lowest terms, by the fraction §: whereas, the ratio of 9d.
to 6s. will be that of 9d. to 72d., Which =7_92‘§: -3
and this is therefore the same as that of glbs. to 721bs.

QO| m—
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Also, if the terms of the ratio be vulgar fractions
or decimals, the fraction expressing its magnitude may
be simplified by the rules already given.

125. The magnitudes of two or more ratios may
therefore be compared, by comparing the values of the
vulgar fractions which represent them, according to the
principle of the last Article.

If the ratios be 3:4 and 5:7; then their magni-
tudes will be represented by 4 and §;

3 21 5 20
but Z=§§ and 7 --é-é,
and g; being greater than 3, it follows that the ratio 3 : 4
is greater than the ratio 5:7; in other words, 3 has to
4 a greater ratio than 5 has to 7.

126. A Ratio of greater inequality is diminished, and
a Ratio of less inequalily is increased, by adding the same
quantity to both ils terms.

First, let us take the ratio of greater inequality 7: 5,
and add 1 to both its terms, so that it becomes 8: 6 ;

.. . 2

then the original ratio = :Z) = %,
. 8 40

nd th 3 =-, ==}
and the new ratio =30

therefore the new ratio is less than the original one.

Secondly, taking the ratio of less inequality 8 : 11, and
adding 2 to each term, so as to make it 10:13, we have

. . . 8§ 104
h 1 =—=
the original ratio 11~ 143’
.. 10 110
nd the n tio=—=—..
a e new ratio 13~ 143’

the latter of which fractions being greater than the former,
the new ratio is the greater of the two.

Exactly in the same manner it may be shewn that a
Ratio of grealer inequality is increased, and a Ratio of
less inequality is diminished, by subtracting the same
quantity from each of its terms.

.
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127. If the terms of a Ratio be multiplied or divided
by the same quantity, the magnitude of the ratio will not
be allered.

Let the ratio be 8 : 8; then its magnitude is .
which is equivalent to '

6 [ 12
G °F %, or o3> &e.:

that is, the ratio 3 : 8 is equal to each of the ratios
0:16, 9:24, 12: 32, &c., which arise from the equal
muldtiplication of its terms: and conversely, each of the
latter ratios is reducible to the original one by the equal
division of its terms.

128. Der. 8. If the antecedents of two or more
ratios be multiplied together for a new antecedent, and
their consequents be multiplied together for a new con-
sequent, the resulting ratio is said to be compounded of
the others and it is called their Compound Ratio.

Thus, if the ratios be 2 : 3, 4: 7 and 8 : 15, the
ratio which arises from their composition will be

2x4x8:8x7x18, or 64 : 278.

Ezamples for Practice.
(1) What are the simplest expressions of the mag-
nitudes of the ratios 8: 5, 4: 12 and 9:21?
Answers: 4, 1 and £,
(2) Which of the ratios is greater, 5:9 or 7:11;
10:17 or 17:23 and 34:27 or 37: 31?
Answers: 7:11, 17:23 and 34 : 27.
(3) Which ‘of the three ratios 7:15, 13: 2§ and
.75: .96 is the greatest?
Answer: .75 : .96.
(4) Find whether the ratios 7:9, 11:17and 10: 7

are increased or diminished by adding 1, 2, 8, to their
terms respectively.
Answers: The first and second are increased and the
third is diminished.
H. A, 6
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(5) Are the ratios 4: 3, 9: 13 and 15 : 22 increased
or diminished by subtracting 2, 3, 4, from their terms
respectively ?

Answers: The first is increased and the second and
third are diminished.

(6) Whatare the ratios arising from the composition
of 5:12 and 6:25, andof 5:7, 7:18 and 18: 35?

Answers: 1:10 and 1:7.

PROPORTION.

129, DEer. 1. Proporlion is the relation of Equality
subsisting between fmo or more ratios,

Thus, the ratios 2: 3 and 6:9, being expressible
by the equal fractions 4 and +, are cqual, and the four
numbers 2, 3, G, 9 form a proportion which is wrilten

2:8:26:09,
and is read
as 2 is to 3 so is 6 to 9,
the numbers 2, 3, 6, 9 being its ZTerms which taken in
order are called Proportionals.
Hence, in every proportion, the first term is greater

than, equal to, or less than the second, according as the
third term is greater than, equal to, orless than the fourth.

130. Der. 2. In a proportion thus expressed, the
numbers 2 and 9 are called the Extremes and the nmun-
bers 3 and G the Means: and it follows immediately
from the equality of the ratios denoted by
6
5:
and the multiplication of them both by 27, that

LW

2 6
§X27=§X27,

that is, 2 x9=6x3:

in words, if four numbers constitute a proportion, the pro-
duct of the extremes is equal to the product of the means.

131. This property of a proportion proves imme-
diately that either of the extremes may be obtained by
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dividing the product of the means by the otker; and
that either of the means may be had by the division of
the product of the extremes by the ofler: also, these
qualities constitute the general practical application of
Proportion.

132. The terms of a proportion may be made to
undergo changes and modifications in the same way as
the corresponding terms of the vulgar fractions.

Thus, 3 : 4 = 9 : 12, gives 3x12=4 x 9: whence

3 4

§=T§;or3:9::4:12;
[s]

§=19_";or4:3::12:9;

and we observe that in each of these the product of the
extremes equals that of the means.

Also, if four numbers form a proportion and any
equi-multiples whatever of the first and second be taken,
and any equi-multiples whatever of the third and fourth,
the resulting numbers taken in order will still form a
proportion.

. 5 15 23
For, since 5:3::15: 9, or 39 and also 2=
5 2 15 8 5x2 15x3

W ~
e h TxZ="xZ S = ;
we nave 3X5=9 %3  3x2” gx3°

whence, 5x2: 3x2 :: 15x38: 9x3,

Again, if any equi-multiples whatever of the first and
third numbers be taken, and also any equi-multiples
whatever of the second and fourth, the numbers thence
arising will form a proportion.

Thus, if we take the proportion above, we have

5x44_l5 xé or Sx4 15x4
8°7 977 3x7 9x7’
whence, 5 x4 : 3x7:15x4:9x7,

The new ratios constituting these proportions being
equal to the original, the division of the terms of a
proportion, in accordance with this Article, will often

. G—2
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facilitate practical computations by diminishing the num-
ber of figures employed.

133. If four quantities of the same kind taken in
order be proportionals, it will be useful to recollect that,

(1) The first : the third :: the second : the fourth.

(2) The second : the first :: the fourth : the third.

(8) The sum of the first and second : the first =
the sum of the third and fourth : the third.

(4) The sum of the first and second : the second
= the sum of the third and fourth : the fourth.

(5) The difference of the first and second : the first
:: the difference of the third and fourth : the third,

(6) The difference of the first and second : the second
:: the difference of the third and fourth : the fourth.

(7) The sum of the first and second : the difference
of the first and second :: the sum of the third and
fourth : the difference of the third and fourth.

These may casily be shewn to be correct by any of
the proportions hitherto given.

134. Of two or more proportions if the correspond-
ing terms be multiplied together, the numbers thence
arising will also form & proportion.

Thus, if the proportions be
8:7:=6:14 and 4:9 :: 12 : 27;

3 6 4 12

tben 7:-1— and 5-'5._7':
, 3 4._6)(1‘.2 or?x4—(-;-i]2-
whence, ?Xg—m a7’ 7x9 14x27°

and 3x4:7x9 : 6x12 : 14 x 27,

This operation is called the Compounding of propor-
tions, and the resnlting proportion is said to be com-
pounded of the others.

In these Articles abstract nnmbers have been con-
sidered: but when the quantities are concrete, we must
take care to exclude such proportions as ezpress ratios
between things of different kinds: thus, the ratio of
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101bs. to 151bs. being the same as that of 2s. to 3., we
have the proportion

10lbs. : 15lbs. = 2s. ¢ 3s.;
but we cannot have the proportion
10lbs. : 2s. :: 15lbs. : 3s.

as no ratio subsists between 10lbs. and 2s. or between
15lbs. and 3s.

Nor indeed can we even in the first of these forms
multiply together the concrete quantities so that the pro-
duct of the extremes equals the product of the means;
but what we do in finding any term in such cases, is
to consider merely their numerical values, because the
ratios being absiract magnitudes will remain the same
whatever be the nature of the quantities they are used to
compare. See the Appendiz.

135. Ratio and Proportion as here used are gene-
rally called Geometrical Ratio and Geometrical Propor-
tion, because they are employed in Geometry in the same
sense: also, Arithmetical Ratio and Arithmetical Propor-
tion are somelimes used to express the Differences of two
or more numbers and their relations to each other,
exactly in the same manner as we have throughout
applied Ratio and Proportion to denote their Quotients
and the relations subsisting among two or more such,

Thus, of 7 and 5, the geometrical ratiois7 : 5 =%= 1 %:
whereas their arithmetical ratio is 7 —5 =2: also, the
numbers 3, 4,15, 20 form a geometrical proportion,
because z = ;—3 but 4, 3, 2, 1 constitute an erilhmetical
proportion, since 4—3=2-1.

When necessary, the relations of numbers considered
in the latter point of view may be determined by means
of the equality 4 —38 =2—1, in a manner similar to what
has been done above.

136, If three numbers as 18, 13 and 8 be in what
is called continued Arithmetical proportion, then 18 - 13
=18-8; and if 13 + 8 be added to both members of this
equality, we shall have
18+ 8=13+13;
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that is, the Sum of the Ertremes is equal to twice the
Arithmetical Mean between them ; and therefore the
arithmetical mean is equal to Aalf their sum.
In the same mannmer, 16, 8 and 4 are said to be in
continued geomctrical proportion, because
16 8
16 : 8 :: 8 : 4, or bt
and multiplying both sides of this equality by 8 x 4, we
obtain
16 x4=8x8;
or, the Product of the Extremes is equal to the Square of
the Geometrical Mean between them: and consequently
the geometrical mean between two numbers is equal to
the Square Root of their product.

These terms and the corresponding operations form
the chief substance of the next Chapter, and they have
heen noticed in this only because they appear to arise
immediately out of what has been considered in it.

Applications of Ratio and Proportion.
137. Ratio and Proportion will now be applied and

exemplified under the following heads.

(1) The Rule of Proportion.

() Simple and Compound Interest.

(8) The Natures and Transfers of Stocks.

(4) Discount or Rebate.

(5) The Equation of Payments.

(6) The Rule of Fellowship.

(1) The Rule of Alligation.

(8) T'he Doctrine of Exchanges.

I. THE RULE OF PROPORTION.

138. Der. As has been observed in Z%e Rule of
Three of which this is only another name, we have
here three quantities either simple or compound given
to find a jourth which shall complete the proportion ;
and this is called a jourth proportional to the three quan-
tities proposed,taken in order. :



THE RULE OF PROPORTION. 127

139. Assuming as an Auziom, that Effects have the
same relation or ratio to each other as the Causes which
produce them under the same circumstances, it is evident
that in any two cases of the same kind we shall have the
following proportion:

First Cause : Second Cause :: First Effect : Second Effect ;

and then, what was said in Articles (130) and (131) will
enable us to find any one term if the ltkree others be
supposed to be given.

To avoid the trouble of writing the name of the re-
quired term or quantity at length, we shall always denote
it by the simple symbol z which must be treated in the
same way as any other number: and it may occupy any
place in the proportion either by itsclf or as a fuctor
cither nlegral or fractional with given numbers, as in the
following Examples.

Ex. 1. If 5 men can mow I2 acres of grass in a
certain time ; how many acres will 16 men be able to
mow in the same or an equal time?

Here, 5men) ... 4he first and second { Causes :

16 men f
12 acres } arc the first and second { Effects :
2 acres

whence we have the following proportion :
men llle':l ac. ac.
5:16 = 12 : x;
and therefore by the Articles just referred to, we find
5xx=106x12=192: ’

102
whence, =~ ac. = 38 ac. 1ro. 24 po.
J

Ex. 2. If 80z. of bread be sold for 6d. when wheat
is at £15. a load; what should be the price of wheat
when 120z. are sold for 4d.?

If the price of a load of wheat be regulated by, so as
to be proportional to, the price of an ounce of bread, since,

in the former case the price of loz. = £d.=d,,

and in the latter the price of 10z.=%d. = }d.,
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we must have following proportion,
3d. : }d. = £15: £z

whence, z=} x 15+ § = £3 = £6. 13s. 4d., which is
the required price.

These examples, the causes in which are simple
terms being dependent upon only ore magnitude, are
instances of what is called Direct Proportion, because the
effect is greater or less in the same proportion as the
cause is grealer or less.

Ex. 8. 1f 10 men can perform a piece of work in 12
days ; how many days will it take 8 men to do the same?

Here, the causes will evidently be to each other as
10x 12 to 8 x #; and the effects are the same, and may
therefore be represented by I, or any other symbol:

whence, 10x12 : 8xa 2 1: 1;

therefore 8 x z=10 x 12 =120,
120
and F=-g =15 days.

Ex. 4. How much in length, that is 3ft. gin. broad,
will be equal to what is 37ft. 9in. long, and 7ft. 6in. broad?
Here, the first cause =45in. x xin, ;

the second cause = 90in. x 453in. ;
and the effects are to be equal:
therefore 45 xx : Q0 x 453 = 1 : 1;
whence, 45 x = 90 x 453,
and =202 gogin. = 75ft. in.

In these two examples, the entire causes are compound
quantities, depending upon two subordinate causes; and
because the effect is the same, each subordinate cause is
less or greater according as the other is greater or lcss,
constituting what is called Inverse Proporiion.

Ex. 5. 1If a person can perform a journey of 100
miles in 12 days of 8 hours each; how far will he be
able to travel in 15 days of 9 hours each?

Here, 12 x 8 and 15 x 9 are the causes, and the dis~
tances travelled 100 and z are the effects: whence,
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12x8:15x9:100: z;
15 %9 x 100 _ .
12x8—---1403m1]es.

Ex. 6. If 60 bushels of corn feed 6 horses for 50
days; in how many days will 15 horses consume 75
bushels?

The causes are 6 x 50 and 15 x x, and the effects are
60 and 75 bushels: therefore

6x50:15x2:60:175
or, 2x10:z:: 4 : 5;

2x10x5
whence, z ___% =25 days.

and 2=

In the former of these examples, the distances tra-
velled are in the compound ratio of the numbers of
days and their lengths: and in the latter, the numbers
of bushels have the same ratio as that which is com-
pounded of the numbers of horses and days.

Ex. 7. If 25 labourers can dig a trench 220 yards
long, 8ft. 4in. wide and 2ft. Gin. deep, in 32 days of 9
hours each: how many would it require to dig a trench
half a mile long, 2ft. 4in. deep and 3ft. 6in. wide, in 36
days of 8 hours each?

First cause = 25 x 32 x 9 | being the products of the

sccond cause = r x 36 x 8 subordinate causes:

first effect = 220 x 10 x(é. the mized quantities being
? ; reduced to fractions of

- r .1 1 yard.
second effect =880 x 9 X G y

Hence, we have the following proportion :

&
25x32x9:zx36x8::*QEOxlggxg:SSOX-Ex%;

or, 25:2: 1x10x85:4xTx7;

25%x4xTx7 .
whence, z= Txioxs =98 labourers.
These examples, the causes and effects being simple
and compound quantities consisting of their respective

6—5
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subordinate parlial causes and effects, are instances of
Compound Proportion in its fullest meaning. °

Ex. 8. If 10 excavators can dig 12 loads of earth in
16 hours, whilst 12 others can dig 9 loads in 15 hours:
find the time in which they will jointly dig 100 loads.

Since, the ratio 10x 16 : 12 x 15 is nol equal to the
ratio 12 : 9, it follows that the individuals of the two
sets do not work at the same rate; but the rate of one of

. 12 3 .
the first set being represented by 10516 10" that of

9 1
will B S I
one of the \cholld set will be equal to 12 % 15 0

3 1 . .
whence, {10 x35 18 ,5_6} x the required time=100;

or, (Z + 3) of the required time = 100 hours:
. . . 20

that is, the required time = 7 of 100hrs =743hrs.

140. In practice, when the partial causes and effects
consist of compound quantities, it is most convenicnt to
express them by vulgar fractions or decimals: and when
the entire causes and effects are compound quantities, to
proceed as in the third chapter (all the examples of which
are instances of this rulc) shortening the operation as
much as possible by means ot Article (132).

L Examples for Practice.

(1) Find a number which shall have the same ratio
to 7 as 27 has to 8: also, a magnitude to which 39 has
the same relation as 3} has to 2§.

Answers: 63 and 31].

(2) Required the number which has to 40, the ratio
of 3.75 to 3: and find a fourth proportional to 2, 17 and
1.25.

Answers: 50 and 742.

(8) Complete the proportion of which the first,

second and fourth terms are 5%, 35 and 3§: also, that
1} ~
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whose first, third and fourth terms are .35, 125 and
.0145. )

. 8
Answers : The thi
. wers he third term is 560
term is .0000400.

(4) If when malt costs (3s. a quarter the price of
a quart of ale be 4d., what should its price be when malt
is at 06s. Gd. per quarter ?
Answer: 43d.

and the second

(5) If a person can perform a journey in 24 days of
104 hours each; what time will it take him to do the
same when the days are 123 hours long?

Answer: 193 days.

(6) How much in length that is 15 poles in breadth,
will be equivalent to an acre of land which is 40 poles in
length and 4 poles in breadth ? '

. Answer : 10po. 3yds. 2ft.

(7) If 400 soldiers consume 5 barrels of flour in
12 days ; how many soldiers will consume 15 barrels in
2 days?

Answer: 7200 soldiers.

(8) If 71bs. of sugar be sold for 4s. 8. when the cost
of a cwt. is £38. 7s. 8d.: what should be the cost of a
cwt. when 11lbs. is sold for 7s. 1ld.?

Answer: £3. 5s. G3d. 4. -

(9) If a sixpenny loaf weigh 4.351bs. when wheat is
at 5.75s. a bushel, what must be paid for 49.3lbs. of bread
when wheat is at 18.4s. a bushel ?

Answer: 18.3s.

(10) A person is able to travel 142.2 miles in 44
days of 10.164 hours each: in how many days of 8.4
hours each can he travel 505.6 miles?

Answer: 10.36 days,
(11) If 20 men can perform a piece of work in

12 days; how many men will perform another piece of
work three tiines as great in a fifth part of the time?

Answer : 300 men.
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(12) If 12 men can mow a field 300 yards square
in 10 days: how mar(nly men can mow a field of 600 yards
in length and 10 yards in breadth, in 4 days?

Answer: 2 men.

(18) If 8 men working 10hrs. a day can reap a field
measuring 150yds. by 240yds. in 5 days, how many men
working 12hrs. a day, can reap a field measuring 192yds.
by 300yds. in 2 days?

Answer: 10 men.

(14) 1If7 men can build a wall 245yds. long, 8ft.
high and 18in. thick, in 85 days of 12hrs. each; what
length of wall, 10ft. high and 27in. thick, could 12 men
build in 43 days of 10hrs. cach ?

Answer : 229yds. 1ft.

(15) If 27 men can do a piece of work in 14 days,
working 10 hours a day ; how many hours a day must
24 boys work, in order to complete the same in 45 days,
the work of 4 boy being half that of a man?

Answer: 7 hours.

(16) If 4 artillery men can fire a gun 48 times and
5 men 52 times in an hour ; how much more time will be
required for firing 21216 sirots from 26 guns, when there

. are 4 men to a gun than when there are 5 men ?

Answer : 1jhours.

. (17) TIf 10 catmon which fire 3 rounds in 5 minutes,
kill 270 men in 1} hours ; how many cannon which fire
5 rounds in 6 minutes; will kill 500 men in 1 hour, at the
same rate ?

Answer: 20 cannon,

(18) If 120 men in 3 days of 12 hours each, can dig
a trench 30 yds. long, 2ft. broad and 4ft. deep; how
many men would be required to dig a trench 50yds. long,
6ft. deep and 1}yds. broad, in 9 days of 15 hours each ?

Answer: 180 men.
(19) If 6 men can reap 15 acres in 3 days of 14hrs.

each and 10 boys can reap 10jacres \in 5 days of Qhrs.
- each, find the ratjo of the work of a man to that of a boy:
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and determine what number of acres 4 men and 7 boys
together reap in a day.
Answers: 5§ : 2 and 4§ acres.

(20) A watch, which is 10 minutes too fast at twelve -
o’clock on Monday, gains 3min. 10sec. per day; what
will be the time by the watch at a quarter past ten in
the morning of the following Saturday ?

Answer: 40min. 36%sec. past 10.

(21) Of two clocks, one gains 10 minutes and the
other loses 74 minutes in 24hrs; what will be the differ-
ence of the times indicated by them at 6 o’clock on Friday
morning, if they are together on the noon of the preced-
ing Tuesday ?

Answer: 48min. Tisec.

(22) If beer which is brewed with 8 bushels of malt
to the barrel cost 1s. 3d. per gallon, when malt is at
(2s. 8d. the quarter : how much will beer cost per gallon,
which is brewed with 5 bushels of malt to the barrel,
when a quarter of malt costs 50s. ?

Answer: 1s. 73d. Zf.

1I. SIMPLE AND COMPOUND INTEREST. -

141. Der. Interest is the payment made for the
use of money lent for any length of time, being generally
estimated at so much for £100. during a year and ex-
pressed by so much per cent. per annum: the money lent
is called the Principal, the interest of £100. for a year
the Rate per cent. and the sum lent together with its
interest is termed the Amount.

It is called simple interest, when the money advanced
only pays interest for the whole time it is lent; and com-
pound interest, when, at the end of any assigned period,
as a year for instance, the interest which has accrued is
added to the principal, and the whole then bears interest
at the same rate for another equal period, and so on.

Hence, it is evident that simple interest is propor-
tional to the product of the sum lent, the rate of interest
and the time,

142. Simple Inlerest.

Ex. Find the simple interest and amount of
£287. 10. for 2} years, at 5 per cent. per annum,
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From what has just been said, we have
£. £ s. £ &L
100 : 237 . 10 == 5 : x;
and therefore

£. S, £. £. £ . )
237.10x5 237.5x5 11875 £ £os d
F=TT00 = T100 T 160 CM8T6=11.17.6
. £ s
is the interest of 237 . 10. for one year:

£ s d. £ s d . L. s
hence, 11.17.6.x2}=29.13.9 is the interest of 237 . 10
for 21 years: and therefore
£. s £ s d J.’.. 8. d._
237.10+29.13.9=267. 3. 9is the amount in 24 years.
In practice, we work in the following form:
£. 5.
287 .10
5
L£11.87 .10
20
s17.50
12

di; . 00

where the sum proposed is multiplied by the rate per
cent., and from the right of each successive denomi-
nation, two figures are cut off instead of dividing by
100: whence, we have

£. IS d.
) ’ ;] 11 . 17 . G=interest for 1 year:

24

23 .15 . 0=interest for 2 years:
5 .18 . 9=interest for } year:

29 .18 . 9=interest for 2} years:
287 .10 . 0=principal:

£267. 3 .9=amountin 2} years:

and tliis form gives risc to the following Rule.
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Rule for Simple Inlerest.

Multiply the principal by the rate per cent. by Com-
pound Multiplication or Practice : from the poundsin the
product cut off two figures to the right, and the remaining
figures will be the pounds of the interest: reduce the
figures cut off to shillings, taking in the shillings of the
said product, cut off as before, and thus proceed ; and
the interest for one year will be obtained: multiply this
interest by the number of years proposed, whether whole
or fractional, and the required interest will be found.

If the interest for 1 year be not required, we may
multiply the sum proposed by the product of the rate per
cent. and the number of years, and then cut off, &c.

When the interest for months and days is required, it
is found by Practice and the Rule of T'hree respectively,
reckoning 12 months and 365 days to a year: but if
calendar months be specified, the interest is accurately
determined by finding the number of days they contain
and proceeding by the Rule of Three.

143. Commission, Brokerage, Insurance, &c., being
charges of certain sums per ceat., amount to the same
thing as the interest for one year at the same rate, and
they may therefore be computed by the same ryle.

Ezuamples for Practice.

(1) Find the simple interest of £382. 10s. for 1 year,
at 5 per cent. '
Answer: £19. 2s. 6d.

(2) Required the amount of £537. 16s. 8d. in 4 years,
at 2% per cent. simple interest.
Answer: £591. 12s. 4d.
(3) *Find the amount of £325. 16s. 8d4. at 4} per
cent. _fimple interest, in 3} years. ‘
) Answer: £374. 6s. 01d.

(4) What is the amount of £345. 17s. Gd. in 3 years,
at 4 per cent. simple interest ?

Answer: £8387. 7s.73d.
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(5) Determine the amount of £635. 18s. 44d. in
3} years, at 3 per cent. simple interest.

Answer: £702. 13s. 94d. % /.

(6) Required the amount of £825. 13s, 8d. at 43 per
cent. simple interest, in 8 years and 5 months.

Answer: £959. 13s. 81d.12f.

(7) What is the interest of £535. for 117 days, at
43 per cent. ?

Answer: £8. 2s. 115d.

(8) Find the simple interest of £960. 12s. 6d. for
5 years, 8 months and 73 days, at 3] per cent.

Answer: £183. 3s. 24d.

(9) Whatis the interest of £240. from January 7
to September 12, 1849, at 4 per cent. ?
Answer: £6. 10s. 5}d, 22 f.

(10) Find the amount of £237. 10s. in 2 years,
8 months and 29 duays, at 5 per cent. simple interest.

Answer: £270. 2s. 2}d.5f.

(11) Ascertain the commission or brokerage on
£832., af2] per cent.
Answer:  £20. 16s.

(12) A broker procures an insurance upon property
to the amount of £1850; what will he have for his
trouble at 3s. 9d. per cent.?

Answer: £3. 9s. 41d.

144. Of the four quantities, the Principal, the Rate,
the Time and the Inleresi, when any three are given, the
remaining one may be found by reversing the process:
and exercises will be had immediately from the preced-
ing examples, but they are not often required.

145. Compound Interest.

Ex. Required the compound interest of £250. for
two years, at 3 per cent. per annum.
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£12.50
20
s10.00
£L. s.
250. O=first principal:

1 2.10=interest for the first ycar:

£ 206 2.10=amount in one year:

£. s.
262.10

5

£13.12.10
20
3-5.50
12

dG.00

5. d.
262.10.0=second principal:
6

13. 2.6=interest for the second year:

275.12.6=amount in two years:
250. O0.0=original principal:

£2 5.1 2. 6=compound interest in two years :
and we see that this interest is the sum of the interests
of the first and second years together, upon their respec-
tive principals. :
Here the interest may be supposed to form part of
the new principal at the ends of any equal intervals of
time, as half-yearly, quarterly, &c. ; but then the opera-
tion above must be repeated for every such interval:’
and when the compound interest is required for any
number of years and parts of a vear, it is inconsistent
with the principles of the subject to suppose that the
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interest becomes due at any other interval of time than
what is expressed by the primitive fraction of which the
parts are made up: as, for instance, when compound
1nterest for three-fourths of a year is required, it is neces-
sarily implied that the interest is due at the end of each
quarter.

When the equitable principle just mentioned is not
attended to, it is customary to find the interest for one
year in addition to the number of entire ycars expressed,
and then to take the part or parts of that interest which
correspond with the proposed part or parts of a year, and
to add it to the amount already obtained : but although
this be not a bad approximation to the true amount,
questions for the exercise of students should never be
proposed which require its application.

The operation last given will preclude the necessity
of laying down a rule in words for finding the amount
and compound interest,

Ezamples for Praclice.
(1) Required the amount of £350. in 8 years, at
5 per cent. compound interest.
Answer: £405. 3s5. 44d.
(2) Find the compouond interest of £540. in 2 years,
at 4 per cent.
Answer: £44. 1s. 3L B f.
(3) What is the compound intcrest of £150. in
4 years, at 2] per cent.?
Answer: £15. 11s. 5}d. & f.
(4) To what sum will £725, accumulate in 4 years,
at 5 per cent. compound interest ?
Answer : £881. 4s. 104d.
(5) Determine the amount of £550. 10s. in a year

and a half at 4 per cent. per annum, compound interest,
the interest being due half-yearly.

Answer: £584. 8s. 103d. 20384/.
(6) Required the amount of £819. 4s. in 6 years,
allowing £12. 10s. per cent. compound interest.
Wuswer: £1660. 155, 0Jd.
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The solutions may frequently be simplified by deci-
mals, or by taking the aliquot parts of the sum proposed ;
but the processcs cannot, as in the last Article, be re-
versed by the principles hitherto explained.

1II. THE NATURES AND TRANSFERS OF STOCKS.

146. Drr. The exigencies of a Country sometimes
compel its governing body to borrow, or to contract a Loan,
for the benefit of the public service: and this is effected
by giving to the Lenders in exchange for their money,
Government Bonds or Acknowledgments, implying that the
Nation is indebted to them for the sums advanced, whilst
it reserves to itself the option of the Time of paying off
the Principal, on the express condition that the Inlerest
is regularly discharged at the time fixed upon.

147.  Any part of these bonds is transferable from
one person to another at pleasure, and each bond is
usually styled £100. Stock, bearing interest at a certain
rate, the subdivisions of £I1. stock being the same as
those of sterling money.

Thus, in what are called the 3, 3} and 4 per cent.
Stocks, one of these bonds entitles its owner to the sums
of £1. 10s., L£1. 15s. and £2. respectively at the end
of every half-year as interest: and that portion of the
revenues of the country out of which the interest of these
Stocks and the expenses connected with them are paid, is
termed the Funds.

148. If a person sell out his stock from the Funds,
he will be able to obtain more or less sterling money for
each of his bonds, according to the interest it bears and
also according to the circumstances of the times, which
may influence the stability of the national credit: and if
he buy into or invest capitel in the Funds, the sum of
ready money advanced by him for each bond will be
regulated by the same circumstances.

149, When a transfer of capital is made from one
kind of stock to another, it is evident that there will be
an equitable claim for more or fewer bonds of the second
stock, according as the rate of interest of such bonds is
less or grealer than that of the first: thus, a number of
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bonds or quantily of stock in the 4 per cents., will pro-
duce the same interest as a grealer quantity of stock in
the 3 per cents., and consequently be of the same value
to the possessor in point of income.

150. The same view is taken of money advanced
to Foreign Governmenis or to Trading Companies: and
the computations necessary in all cﬂtitable transactions
of this kind must depend upon the Rule of Proportion :
and those of most frequent occurrence will be explained
in the subsequent examples.

. Ex. 1. How much money must be paid for £2400.
in the three per cent. consols (consolidated annuities), at
89} per cent.?
Here, we have the following proportion :
£.stock. £.stock. £ &
100 : 2400 :: 89} : z;
and the operation may be conducted in the form below :
£2400
10x9-3=89}
24000
9

216000
1200

2148.00

that is, £2148. sterling will purchase £2400. of this stock
when it is at 89} per cent.

If we reverse the operation, we may find the quantity
of stock at 89 which will be purchased for £2148. ster-
ling, as follows:

£. £, £.stock. £.stock.
89% : 2148 ::100 : =x;

2148 x 100
———=4£2400.
894

Ex. 2. A person invests £3000. in the three per
cents. when they are at 90} ; what amount of interest
will he receive half-yearly ?

and therefore x =
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Here, £90} sterling produces £3. yearly or £1£.
half-yearly : and therefore we have
£. £. £ £
90} : 3000 :: 1} : z;

3000 x 13 3000 x 15

90, 902
_ 1500 x 15 22500 |, - .« e
Bl = 4l = £49. 17s. 91d. ¥ . = his dividend.

Conversely, if a person wish to receive the last-men-
tioned sum half-yearly, he may invest £3000. in the three
per cents. when they are at 90} for this purpose; since

£ £ s d [ £. £.

1} : 49.17.9% .3 = 90} : 3000;
but the same income might be acquired by the investment
of a different sum of money in a different kind of stock,
dependent upon the circumstances affecting it.

Ex. 3. At what rate will a person receive interest,
who invests his capital in the 4 per cents. when they are
at 104?

Since £104. sterling produces an interest of £4, an-
nually, we have

whence, r=

£, £. £ £
104 : 100 :: 4 : zx;

.
and £="00%4_ ;—3 = £3. 16s. 11}d. is the rate per cent.

104
Conversely, whenthe interest of money is £3.16s. 11 Ld.
per cent., the equitable value of the 4 per cent. stock is
£104. sterling.
Ex. 4. A person transfers £1000. stock from the

4 per cents. at 90, to the 3 per cents. at 72: find hew
much of the latter stock he will hold, and the alteration

made in his annual income.
Here, z denoting the quantity of the latter stock, we
have
1000 x 90 : 2 x72 = 1:1;
1000 x 90 _ 10000 _
“ae =g =£1250,
is the quantity of stock in the 3 per cents.:

whence, z =
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also £1000. at 4 per cent. gives an income of £40. :
and £1250. at 3 per cent. gives an income of £37. 10s. :
therefore the diminution of his income is £2. 10s.

From this example, it appears to be more advantageous
to invest in the 4 per cents. at 90 than in the 3 per cents.

at 72, as will be seen also from the circumstance of 7
. 3 .
being greater than 33, which shews the reason at once.

151,  Purchases and Sales of stock are made through
Agents called Stock-Brokers at the rate of £} or 2s. 6d.
per cent. upon the stock {ransferred: these agents are
employed by both buyers and sellers, and the brokerage
must therefure be added to the price of stock which is
bought and subtracted from the price of that which is
sold through them: and this is done by increasing or
diminishing the current price of £100. stock by £].

152. Stock-jobhing is dealing in the Stocks with the
view of gaining money by the rise and fall of the mar-
ket price: and persons possessed of properiy may of
course buy or sell stock, according as the price is likely
to rise or fall, in the expectation of realizing a profit by
the difference of price: but the practice of stock-jobbing
may be explained as fellows,

A agrees to sell to B, .€1000. in the 3 per cents. for
£870. to be transferred at the end of a certain timc:
A has indeed no such stock, but if its price on the day
of transfer should be only 8G he may purchase what
will enable him to fulfil his engagement for £860., and
he will thus gain £10. by the transaction: onthe contrary,
if the price were 89, it would require £890. for the same
purpose and he would then be a loser of £20. These
are called time bargains or bargains for the Account, and
are settled without the purchase of stock at all by pay-
ment of the difference: the buyers being known as Bulls
pulling down, and the sellers as Bears forcing up, in
the language of the Stock Exchange: but not being
recoguized by law, the principles by which this business
is supported are merely a sense of konour or disgrace and
the retention or loss of future credit.

153.. It is the province of the Chancellor of the Ez-
chequer to propose the terms of a Government Loun : and
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if a person, asking 5 per cent. for his money, were to
advance £1000. money, the nation would become indebted
to him in £1666. 13s. 4d. sfock in the 3 per cents. at par,
because this sum produces the same interest. When the
price of stock is above or below par, the calculations will
be conducted as in the preceding pages ; and in order to
raise the immense sums that are frequently wanted, the
Contraclors or Subscribers are sometimes considered en-
titled to an advantage of one kind or other which is
called a Douccur or Bonus.

Such stocks constitute what is termed The funded
Debt ; and whenever sums have been advanced to the
government and have not been thus disposed of, they
are styled T'he unfunded D:bi.

Temporary loans are raised from time to time on
what are called Exchequer Bills for single hundreds or
thousands of Pounds, bearing a certain interest per cent,
per day, from the days of their dates to the days when
they are paid off.

Ezamples for Practice.

(1) What is the purchase of £5050. stock, at 853
per cent.?
Answer: £4311. §s. 94.

(2) 1If the 4 per cents. be at 82}, what quantity
of stock can be purchased for £821. 5s.?

Answer :  £1000.

(3) A person invests £2000. in the 3 per cent. con-
sols, when they are at 88 : what annual income is he
entitled to?

Answer: £67. 15s. 113d.

(4) What sum must be invested in the 3 per cents.

at 77} to produce an income of £120, a year ?
Answer : £3100.

(5) A person investing in the 4 per cents. receives
43 per cent, interest for his money: what is the price of
the stock ?
Answer: 913,
(6) How much stock can be purchased by the trans-
fer of £1000. stock from the 3 per cents. at 72, to the
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4 per cents, at 90: and what annual income will it pro-
duce ?
Answers: £800 and £32.

(7) If I buy £650. stock in the 3 per cents. at 903,
and pay } for brokerage: what does it cost me?

Answer: £588. 5s.

(8) What sterling money shall I receive for £1760.
16s. 8d. stock at 903, and } per cent. commission ?

Answer: £1589. 3s. 01d.

(9) If aperson invest £650. in the stocks at 764,
and sell it immediately at 77% ; find his gain by the trans-

action.
Answer: £10. 16s. 8d.

(10) A person having £10000. in the 3 per cents.
sells out at 65 and invests the produce in the 4 per cents.
at 82} : find the change in his income,

5 .
Answer: £L15. 8s. 05d. increase.

(11) When a certain stock is at 97} a person pos-
sesses what would realize £879: find what quantity of
another stock at 881 he ought to receive in exchange
for it.

Answer: £996J2.

(12) The sum of the dividends on a quantity of 3
per cent, stock for 13 years was £3081 : how much stock
was there, and what will be its sterling worth when the
fund is sold at 79} per cent.?

Answers: £7900 and £6310].

IV. DISCOUNT OR REBATE.

154. Drw  Discount or Rebale is an allowance or
abatement made upon a debt discharged before it is
due, in consideration of ready money, the simple interest
of money being reckoned at a given rate: and when
the discount {g subtracted from any proposed sum, the
remainder is termed the Present Worth or Present Value.
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Ex. Find the present worth and discount of £121.
15s. due 5 months hence, at 34 per cent. simple interest.

Since £100 at 3} per cent. amounts to £101. 9s. 2d.
in 5 months, it is evident that £101. 9s. 2d. due 5 months
hence is of the same value as £100. ready money ; and
other sums for this time in the same proportion ;

£ s d L s £.
whence, 101.9.2 : 121.15 :: 100 : «z,

or, 24350d. : 20220d. :: 100 : z;
2922 6 .
2435 ¥ £100. = 3 £100. = £120. is the
present worth: and the discount = the proposed sum —
the present worth = £121. 15s5. — £120. = £1. 15s.

Also, since £101. 9s. 2d. pays £1. 9s. 2d. discount
for 5 months, we may find the discount at once ; thus,
£, s d. £ s £, s d
101.9.2:121.15:21.9.2: x;

whence, :r=g of £1. 9s. 2d. = £1. 15s. is the discount :

therefore z =

and the present worth = the proposed sum — the discount
=£121. 15s. - £1. 155. = £120. as before.

From these steps we dcrive the following Rules.

For the Present Worth. As the amount of £100. for
the given time at the given rate : the proposed sum ::
£100. : the present worth.

For the Discount. As the amount of £100. for the
given time at the given rate : the proposed sum :: the
interest of £100. for that time : the discount.

If no time be mentioned, the discount for a year is
understood : and the following forms for the operations
will be practically convenient :

mo. £ s d
4|3]|8.10. O=interestof £100.for 12 months:
113(1. 8. 4
0. 5.10
1. 9. 2=interestof £100. for 5 months:
100 .

101 . 9. 2=amountof £100.in 5 months:
HA. 7
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£ s d £ s L.
then, 101.9.2 : 121.15 :: 100 : the present worth;
101.9.2:121.15 :: 1.9.2 : the discount;
and when either of these quantities is found the other
may be had immediately by subtraction.

155. Hence, it appears that the Present Value may
be defined to be that sum which being nom put out to
interest will amount to the sum due at the end of the time.

Since the Amount of £100. is the first term for finding
the Discount and £100. is that for finding the Inlerest,
the other terms of' the proportions being the same, the
Discount of a sum is less than its Interest.

It is moreover evident that the discount of a given
sum at a given rate of interest is mol proportional to
the time: but that the discount is proportional to the
sum when the time and rate of interest are given.

In the discharge of a Tradesman’s bill, it is cuslomary
to make a deduction at the rale of 5 per cent. discount on
the sum put down as duc at some future time: this
Allowance being the interest of the Debt instead of that
of its Present Value will be to the payer’s advantage, and
differs essentially in principle from the Discount we have
just been considering.

Bankers, in discounting a bill or promissory note, are
in the habit of charging inferest at 5 per cent. from the
day the bill is discounted to the time when the three days
of grace, allowed by law, have expired.

A distinction should be made between the Rale of
Discount and the Rale of Interest, as is seen immediately
in the following familiar instance.

«Tive volumes of a work can be bought for a certain
sum payable at the end of a year, and six volumes of
the same work can be bought for the same sum in ready
money : what are the rates of discount and interest?”

Since 1 volume is discounted from six, we have

. £.
6 : 1 100 : 16% =the rate of discount:
and because 1 volume is gaired upon five, we have
) £. £,
5: 1 : 100 : 20 =the rate of interest.
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156. When discount is reckoned at Compound Inter-
est per annum, the same rules may be applied .for any
number of enfire years, as appears from Article (145). -

Ex. Finde the present worth and discount of
£2112. 10s. due at the end of 2 years, at compound
interest of 4 per cent. per annum.

£ £ s £ £ . ]

104 : 2112.10 :x 100 : 2031 . 5, which is the sum
duc 1 year hence:
104 : 2031 . 5 :: 100 : 1953. 2 . 6, which is the
sum duc now or the present worth :
and the discount will therefore be
£2112. 10s. - £1953. 2s. 6d. = £159. 7s. 6d.

Ezamples for Praclice.
(1) What is the present worth of £157. 10s. due 1
ycar hence, at 5 per cent. simple interest ?
Answer: £150. ]
(2) Required the discount of £355. 5s. payable at
the end of 4 months, at 4] per cent. simple interest.
Answer: £5. 5s. ‘

(8) Find the discount of £283. 0s. 5d. for 7 months,
at 5 per cent. simple interest.
Answer: £8. 0s. 5d.
(4) Determine the discount due upon £690. 3s. 9d.
for 9 months, at 3 per cent. simple interest.
Answer: £15. 8s. 0d.
(5) Find the discount of £298. 0s. 10d. for 11.
months, at 4 per cent. simple interest. )
Answer: £10. 10s. 10d.

(6) Required the present worth of £370. 4. 81d.
due 15 months hence, at 4§ per cent. simple interest.

Answer: £350.
(7) _What sum will amount to £275. 6s. 8d. in 1}
years, allowing 44 per cent. simple interest ?
Answer: £257. 18s. 54d. %,
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(8) Required the present worth of £241.12s. 4d.
due at the end of 146 days, at 4} per cent.

Answer: £2347. 10s.

(9) How much stock at 922 must be sold out to Pay
a bill of £715. 17s. due 9 months hence, at 4 per cent.
simple interest ?
Answer: £750.

(10) A tradesman marks his goods with two prices,
one for ready money and the other for credit of six
months; what fixed ratio ought the two prices to bear
to each other, allowing 5 per cent. per annum, simple
interest ?

Answer: 40 : 41.

(11) If £2652. 5s. be due 3 years hence, what sum
will be due at the end of 1 year, if compound interest be
allowed at 3 per cent ?

Answer: £2500.

(12) What is the present worth of £9724. 1s. due
4 years hence, at 5 per cent. compound interest ?

Answer: £8000.

V. THE EQUATION OF PAYMENTS.

157. Der. The Equation of Payments is the finding
of a proper time at which two or more debts due at
different times should be discharged at one payment: and
it is here assumed that the interests of «ll the debts for
their respective periods are together equal to the interest
of their sum for the Equated T'ime.

Ex. If £100. be due in 8 months, £210. in 2 months
and £160. in 5 months, find the equated time.

What is assumed in the definition gives the follow-
ing equality, since the interests are proportional to the
sums and times jointly, the rate being supposed the
same and therefore of no importance in the calculation:

(100 x 8) + (210 x 2) + (160 x 5) = (100 + 210 + 160) x
the equated time : whence, we have
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the equated time = ]—4577200 = 8}) months :

and thence the following Rule is obtained.

RuLe. Divide the sum of the products of each pay-
ment by its time by the sum of all the payments, and
the quotient will he the equated time. d

The assumption made in the definition, which implies

that the interest of the debts payable before the equated
time from their times to the equated time, should be
equal to the inferest of the debts payable after that time
from the equated time to their respective times, is not
founded in equity ; because it is evident that by paying a
debt before it is due the debtor is entitled to the discount
only, and that he virtually loses the inlerest which would
have accrued from the debt remaining in his hands after
its period has expired.
" We have seen in Article (155) that interest is greater
than discount, and consequently the rule above laid down
is in favour of the payer, since a greater allowance is
made him than he is really entitled to: but when great
nicety is not required, the equated time thus found will
not be far from the truth : the correct time, however; can-
not be obtained without having recourse to ofher than
arithmetical principles.

VI. THE RULE OF FELLOWSHIP.

158. Der. Fellowship is the rule by means of
which two or more persons having a J#int Stock or
Common Interest in a property, are enabled to determine
their respective shares of it or of its produce, under the
same or different circumstances.

Ex. 1. Two persons form a joint stock by subscrib-
ing £3500. and £5000. respectively, and in a certain
time they clear £1000.: how must this sum be divided
between them ?

Here, it is manifest that the share of each person
must have the same ratio to the whole gain that his
subscription has to the whole stock formed; or, that the
whole cause must be to each partial cause as the mhole
effect is to each partial effect :
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now, £3500 + £5000 = £8500 is the whole cause,
and £3500 and £5000 are the partial causes:

also, £1000 is the whole effect and the partial effects
are the required shares: whence, we have

£8500 : £3500 :: £1000 : the first share;

3500 x 1000 °*£. s d. f.
or, the first share = i 8500 = 411.15.8}. &:

£8500 : £5000 :: £1000 : the second share;

- the d she _ 5000 % 1000 ;L‘- 5. «{-l ﬂ
or, the second share = — 8500 = 588 . 4. 84 43¢

and these sums make up the £1000. gained.

Here, the ratio of the shares depending solely upon
the amounts snbscribed, the example is termed an
instance of Single Fellowship,

Ex. 2. A field of grass is rented by two persons for
£27.: the former keceps in it 15 oxen for 10 days and
the latter 21 oxen for 7 days; find the rent paid by each.

Here, the portions of the rent must evidently be as
the numbers of oxen and the numbers of days jointly :
also, the partial causes arc

15 x10=150 and 21 x7=147:
and therefore the whole canse is 150 + 147 or 297 ; whence,
£ £ s d )

297 : 150 = 27 : 13.12. 8. J¢, the 1st portion:

296 : 147 :: 27 : 13. 7. 3., the 2nd portion:
and the sum of both portions is £27. as it ought to be.

This is an instance of Double Fellowship, the portions
of rent depending upon {mwo particulars, the number of
oxen put in and the number of days they are kept there.

159. The principles of these examples being inde-
pendent of the number of interests concerned enable us
to lay down the following Rule.

Rure. TFind the values of the partial causes and also
their sum: then, as this sum is to each part of it, so is
the whole effect to its corresponding part.

In this rule it is understood that every agent is
cmployed under exactly the same circumstances: as, for
instance, in the Jast example each of the oxen is supposed
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to consume the same quantity of grass the pasturage
being wniform throughout: but whenever their relative
quulities are assigned, it will easily be seen that similar
methods must be pursued.

Ex. If £100. be distributed amiong 6 men, 9 wo-
men and 12 children; what will be received by them,
when the shares of a man, a woman and a child are as
the numbers 3, 2, 1?

Here, 6x3=18
9x2=18 } are the partial causes:
12x1=12

and 48 1is the whole cause:

.L'—. £. s.
whence, 48 : 18 :: 100 : 37 . 10, by the men:
48 : 18 = 100 : 57 . 10, by the women:
48 : 12 = 100 : 25 . 0, by the children.

VII. THE RULE OF ALLIGATION.

160. DEr. Alligation sometimes called Alligation
Medial is the rule by means of which the rate or quality
of a composition or mixture is found from the rates or
qualities of the ingredients of which it is made up.

Ex. 1f 12 bushels of wheat at 6s. a bushel and 15
bushels at 7s. a bushel, be mixed together, what will be
the value of a bushel of the mixture?

Here, from the most obvious principles, we have

12x6= T2

15 x 7 =105
therefore 72 + 105 = 177s. is the value of the mixture
which contains 12 + 15 = 27 bushels: whence,

tush, bush, £ & 4 Jid .

27 :1: 177 : 6.6). 5, the price of a bushel.

The usual form of the operation is as follows :

6x12= 72
7Tx15=105

& d f
27) 177 (6. 6.3

} the values of the ingredients:
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and the number of ingredients being any whatever, we
have the following Rule.

Rurk. Divide the sum of the products of the ingre-
dients and their respective rates by the sum of the
ingredients, and the quotient will be the rate of the
mixture.

Ezamples for Practice.

(1) If £75.be due in 4 months, £125. in 5 months
and £150. in 7 months : what is the equated time ?

Answer: 5% months.

(2) What will be the equated time of payment of
£200. due at 3 months, £300. at 8§ months and £500. at
12 months?

Answer: 9 months.

(8) Tind the equated time of payment, when 4 of
a sum of money is due at 83 months, J at 8§ months and
the remainder at 15 months.

Answer : 7% months,

(4) A owed B £750. to be paid in 15 months, but
at 12 months he paid him £250.: at what time was the
remainder due ?

Answer: 16} months.

(5) Divide £1000. among three persons, so that
their shares shall be as the numbers 2, 5, 9.

Answer: £125., £312. 10s. and £562. 10s.

(6) Of £2180, A’s share is to I’s share as 2 to 3,
Bsisto Cs as4toTand Cs is to D’s as 5 to 11 ; find
the share of each.

Answer: 4’s is £200., B’s is £300., C’s is £525.
and D’s is £1155.

(7) Three partners put into business the sums of
£500., £400. and £500., and at the end of a certain
time they gated £600.: find the share of each,

Answer: £150., £200. and £250.

(8) Three persons forming a joint stock of £45000.,
gain by tradipg £15000.; and of this their shares are
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£7500., £5000. and £2500.: find the portion of stock
contributed by each.

Answer: £22500., £15000. and £7500.

(9) A person bequeathed by will the following lega-
cies: £1500. to 4, £875. to B, £525. to C and £350.
to ID: but when his property was sold it produced only
£2437. 10s.: how much did he really leave to each?
Answer: £1125. to 4, £656. 5s. to B, £393. 15s. to C

and £262. 10s. to D,

(10) If A advance £1500. for 9 months and B
£1200. for 6 months: what share of a gain of £1150.
belongs to each ?

Answer : £750, to 4 and £400 to B.

(11) If A4 contribute £6000. for 5 months, B £5000.
for 6 months, C £4000. for 74 months and D £2500.
for 12 months, in the formation of a joint stock : divide
a profit of £4760. equitably among them.

Answer : The share of each is £1190.

(12) Three merchants A, B, C engage in commerce ;
A with £1000. for 12 months, B with £1800. for 7
months and C with £2500. for 4 months, and they" gain
£350.: what share of the gain belongs to each?
Answer: £121.7s, 83d. 15 f. to 4, £127. 9s. 14d. & f. to B

and. £101. 3s. 1}d. 32 /. to C.

(13) Three persons with a joint stock gain £3650.:
the first advances } of the capital for ]} of the time,
the second % of the capital for L of the time and the
third the remainder of the capital for the whole time:
find their shares.

Answer: £486. 13s. 4d., £730. and £2433. Gs. 8d.

(14) A prize of £3825. is to be divided among
3 officers, 12 assistants and 100 men, in proportion to
their pay and time of service jointly : the officers have
£5. 2 month and have served 9 months: the assistants
who have £2. 10s. a month have served 6 months and the
men have served $ months at £1. 10s. 8 month. What
is the share of each?

Answer: £225. of each officer, £75. of each assistant
and £22. 10s. of each of the men.

7—5
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(15) A wine merchant mixes 20 gallons of wine at
12s. a gallon, 25 gallons at 14s. and 36 gallons at 106s.:
what will be the price of a gallon of the mixture ?

Answer: 14s. 43d.32f.

(16) A mixture is made of 10 bushels of flour at
8s. 8d., 21 bushels at 3s. 10d. and 35 bushels at 4s.:
what is the price of a bushel of it?

Answer: 3s. 103d. Lf.

VIIl. THE DOCTRINE OF EXCHANGES.

161. Der. 1. Ezchange is the rule by means of which
it is ascertained what sum of money of one country is
equivalent to a given sum of another, according to some
seitled rate of commutation: and the operations neces-
sary to calculate this must, from the nature of the case,
be applications of the Rule of Proportion.

The Course of Exchange is used to express the sum
of money of any place given in exchange for a fired sum
of that of another: and the Puar of Fachange denotes
the sum of money of any place, which is of the same
inirinsic value as that fixed sum.

Ex. How many pounds Flemish can I receive for
£1050. sterling, the course of exchange being 35 shillings

*Flemish for £1. sterling ?
Here, from the nature of the question, we have

L. £. s f.
1:1050::35

5250
3150

2,0) 3 6 7 5,0 shillings Flemish:
£1837 . 10 the sum Flemish required.

In questions of this kind, all that is necessary to
be known is the course of exchange and the subdivi-
.sions of the monies to be commuted.

162, Der.2. The Arbitralion or Comparison of
Exchanges is the determining what rate of exchange,
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called the Par of Arbilration, between any number of
places corresponds with, or is equivalent to, any assigned
rates between each of them and another place: and a
knowledge of this subject will enable a person to judge
how he may remit his money from one place to another
with the greatest advantage.

Arbitration is styled simple or compound, according
as lhree or more places are concerned.

Ex. If the exchange between Amsterdam and Paris
be 54d. for 1 crown, and between Amsterdam and London
be 33s. 9d. for £1.; what is the par of exchange or
the arbitrated price between Paris and London 2

Here, 1 crown at Paris = 54 pence at Amsterdam :

240 pence in London = 405 pence at Amsterdam :
thus, we obtain the equality of ratios,

1 crown in Paris 54 2
240 pence in London ~— 405~ 15°

o .
whence, 1 crown at Paris= f')’ x 240d. = 82d. in London :

that is, 32d. per crown is the arbitrated price between
London and Paris.

If we arrange the equalities so that the first term of
one shall always be of the same kind as the second of
that which immediately precedes it, as follows:

1 crown at Paris = 54 pence at Amsterdam,
405 pence at Amsterdam = 240 pgnce in London,

and multiply together the corresponding terms retain-
ing the numes only of the first and last countries and
their denominations of money, we shall have

405 crowns at Paris = 54 x 240 pence in London :

. 54x240 *,
and therefore 1 crown at Paris="- 05 =82 in London,

as before: and a procceding of this kind is distin-
guished by the name of the Chain Rule, from the con-
nection of the first and last terms being ascertained
through those which are inlermediate. *
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Examples for Practice.

(1) How much English money is equivalent to 1785
francs 6 decimes, at 24 francs per pound sterling ?

Answer: £74, 8s.

(2) Reduce £156. 15s. to francs, the exchange being
at 23.5 francs per pound sterling.
' Answer: 3683.625 francs.

(8) If £100. be due from London to Paris when
£1. is worth 25 francs: what sum must be remitted
when a guinea is exchanged for 27 francs ?

Answer: £97. 4s. 5}d.

(4) TIf the course of exchange between London and
Amsterdam be 33s. 6d. Flemish per pound sterling and
between London and Lishon be 50d. sterling per milree :
find the arbitrated rate of exchange between Amsterdam
and Lisbon.

-Answer: 833d. Flemish per milree.

(5) A person in London owes another at Pelershurg
500 rubles, exchange at 40d. sterling per ruble: but
remits to Paris at 24 francs per pound sterling ; thence
to Lisbon at 500 rees for 8 francs; thence to Amsterdam
at 20 stivers per crusado of 400 rees and thence to
Pelersburg at 25 stivers per ruble: find the arbitrated
rate between London and DPetershurg and the gain or
loss by the circuitous mode of remittance.

Answers: 30d. per ruble and the gain is £20. 16s. 8d.

(6) The rates of exchange being £1. = 25.4 francs,
8.75 francs=105 kreutzen, 60 kreutzen=1 florin and
the cost of travelling in Germany being 14 florins per
German mile which is equal to 41 English miles: find
the expense, in English money, of travelling 381 English
miles in Germany. .

Answer: £10. 14s. 3}d.

163. The Course of Ezchange between two countries
fluctuates according to circnmstances which cannot be
entered into here ; but the lower the course of exchange,
the more favourable is it to the country in whose money it
is estimated, aftd vice versd.
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Thus, between London and Amsterdam, when the
course of exchange is 9 guilders per pound sterling, it
will evidently require more sterling money to pay a debt
in Amsterdam and fewer guilders to discharge one in
London, than if the course of exchange were 11 guilders :
for, the merchant of Amsterdam has to buy pounds ster-
ling to remit to London and the London merchant has
to sell pounds sterling in order to purchase guilders for
a remittance to Amsierdam. The exchanges may there-
fore be considered favourable to this country, when the
courses of exchange run high in foreign countries with
which it trades, and vice versd.

The reader is referred to the last Edition of Dr.
KeLLy’s Universal Cambist for practical information on
this subject.

MISCELLLANEOUS QUESTIONS.

164. In this section are presented a few miscellaneous
Questions which could not with propriety be arranged
under any of the preceding heads and are still of too
much importance to be passed over without notice, in a
work like the present.

Qu. 1. How many dozens of wine at £2. a dozen
must be given in exchange for 27 yards of broad cloth at
32s. a yard ?

The price of the cloth is 27 x 32 = 864s. :
whence, 40s. : 864s. :: 1 doz. : 213doz. ;

that is, 212dozens of wine are of equal value with 27
yards of cloth.

Questions of this kind are termed instances of Barier
or T'ruck.

Qu. 2. If a grocer by selling tea at 6s. 6d. a pound
clear one-sixth of the money : what will he clear per cent.
by selling it at 7s. a pound ?

Here, } of Gs. 6d. =1s. 1d.; whence 5s. 5d. is the
price per Ib. the tea cost him : therefore

58.5d. : Ts. 1 £100. : £129. 45, Tid.LS. ;
and £129. 4s. 73d. Lf. is the increased. value of £100. at
this rate: that is, the gain per cent. is £29. 4s. Tid. 4f.



158 MISCELLANEOUS QUESTIONS.

Qu. 8. A person loses at the rate of 10 per cent. by
selling cloth at 15s. a yard: how ought it to have been
sold to gain 20 per cent.?

Since he loses j;th part, he receives only 9 parts out
of 10 or 90 parts out of 100: whence,

£. L. s. s d.
90 : 100 = 15 : 16 . 8,
the prime cost of 1 yard : for the same reason, we have
£. £. s. d. s
100 : 120 = 16 . 8 : 20,
or £1. is the price per yard, in order to realize a profit of
20 per cent.

Questions of this description are classed under the

heads, Profit and Loss, Loss and Gain and Per-centage.

Qu. 4. Required the neat weight of 27 cwt. 1 qr.
141bs., tare being allowed at the rate ot 16lbs. per cwt.

Here, by the rules of Practice, we have

qr.
16| % |27 .1. 14=gross:
3.3 . 18=tare:

2% . 1 . 24 =neat weight.

Questions of this nature are usually inserted under a
Rule called Tare and T'ret, which comprises all allowances
made upon goods on any ground whatever, whether by
custom or by special agreement.

Qu. 5. If two men 4 and B together can perform
a piece of work in 10 days and 4 by himself can doit in
18 days: what time will it take B to do it?

Assuming 1 to represent the piece of work, we have

= work done by 4 in 1 day:

l._.

18
0_5_ . vereerarane 4 in 10 days:
18 9
54 : )
hence, 1—§=§= .................. B in 10 days:
wherefore g 1 :: 10days : 22} days;

or, B can do'the work in 22}days.
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Qu. 6. Three agents 4, B, C can produce a given
effect in 12 hours; also, 4 and B can produce it in 16
hours and 4 and C in 18 hours: in what time can each
of them produce it separately ?

Here, Il(—) = effect produced by A and B in 1 hour:

—
o)

= veer vereenseeenennn A and B in 12 hours:

»l e

i

0

= eereacerenass.. Cin 12 hours:

| -

3
h _Y_
whence, 1 2

and therefore i : 1 :: 12hours : 48 hours,
the time in which C alone can produce it:
again, 1—18- = effect produced by 4 and C in 1 hour:

= D m v e A and C in 12 hours:
1 3
and l—g =:§= ...... errees aeens B in 12 hours:

whence, % : 1 2 12hrs. : 36hours,
the time in which B alone can produce it:

also, Tl§ = effect produced by 4, B and C in 1 hour:

1 1 7 .
and%ﬁ BT qaE T B and C in [ hour:
1 7 5 . )
whence, EIEs T 4 in 1 hour:

5
therefore Te3 1 : Yhr, : 28ihrs.,

the time in which A can produce the effect proposed.

Qu. 7. Distribute £200. among 4, B, C and D, so
that B may receive as much as 4, C as much as 4 and
B together and D as much as 4, B and C together.



160 MISCELLANEOUS QUESTIONS.

If the share of A be represented by 1, then
the share of B will be represented by 1:
the share of Cby 1+1=2:
and the share of D by 1+1+2=4:
whence, the question is merely to divide £200. into four
parts having the same relations as thenumbers 1, 1, 2, 4:
also, 1+1+2+4=38,
and the Rule of Fellowship gives the following proportions:

L. £.
2 00 : 25, the share of 4;

1
: 1 200 : 25, the share of B;
2 :: 200 : 50, the share of C:
8 : 4 : 200 : 100, the share of D.

The same mode of reasoning will be applicable what-
ever be the number of persons concerned.

® & x

Qu. 8. At what times between 2 and 3 o’clock, are
the hour and minute hands of a clock together, at right
angles and in opposite directions ?

At two o’clock, the hour hand is fwo of the portions
called Lours of one hand and five minules of the other
in advance of the minute hand; and their rates being as
1 : 12, the minute hand gains 55 in GO or 11 in 12 upon
the hour hand: whence we have

11 : 12 = 2 : 2%,
the hours when the minute and hour hands are logether.

Again, when they are at right angles, the minute hand
must have gained 2 + 3 = 5 portions, and we have

11 : 12 = 5 : 58;
and therefore at 53 x 5 or 27 minules past two, the
hands are at right angles.

Also, if they point in opposite directions, 2+ 6=8
portions must be gained by the minute hand, and there-
fore we have

11 : 12 = 8 : 8,
or, the hands will be in opposile dircclions at 8% x 5 or
437 minutes past two. '
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When the minute hand has gained 2+ 9 =11 portions,
the two hands will be at right angles again, and

11 @ 12 =2 11 : 12,
which shews that this circumstance occurs at 60 minules
past two or at three o’clock, as we know to be the case.
Qu. 9. Two clocks point out 12 at the same instant;
one of them gains 7” and the other loses 8” in 12 hours:

after what interval will one have gained half an hour of
the other and what o’clock will each then shew ?

Here, 77+ 8”=15" is the se;)aration which takes
place in 12 hours, and } hour = 30’ = 1800” : whence,
' 15" : 1800” :: 12hrs. : 1440hrs.;
that is, in 1440 hours or 60 days they will be separated
30 minutes or half an hour.
Also, the first gains 7” in 12 hours or 14” in 1 day:
and 1 day : 60days :: 14" : 14/;
and therefore it will shew 12 hours 14 minutes.
The second loses 8” in 12 hours, or 16” in 1 day;
and 1 day : 60 days = 16” : 16';
whence the time pointed out by it will be 12 hrs, —16 min.

or 11 hours 44 minutes: and it will be observed that the
times differ by half an hour, as they ought.

Ezamples for Praclice.
(1) How much cloth at 14s. 6d. a yard, must be
given for 3cwt. 3qrs. of sugar at £3. 4s. per cwt. ?
Answer: 16yds. 25qrs.
(2) If 126 yards of cloth be bartered for Shhds. of

brandy at Gs. 8d. per gallon, what is the price of the
cloth per yard? .

Answer: 10s.

(8) If I buy goods ¥t £3. 16s. 8d. per cwt.: how
must I retail them per Ib. to gain 15 per cent.?

Answer: 9}d. .
(4) If by selling tea at 6s. 4d. per 1b. a grocer lose
6 per cent.; what did it cost him per 1b, ?
Answer: 0s. 83d. 2f.
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(5) A grocer bought 2tons. 3cwt. 3qrs. of sugar for
£120. and paid £2. 10s. for expenses: what must he sell
it at per cwt. to clear 50 per cent. ?

Answer: £4. 4s.

(6) A person by disposing of goods for £182. loses
at the rate of 9 per cent.: what ought they to have been
sold for to realize a profit of 7 per cent.?

Answer: £2143.

(7) A person buys 400 yards of silk for £80. and
sells 300 yards at 5s. Gd. a yard, and the rest which is
damaged at 2s. a yard: what does he gain or lose per
cent.?

Answer: He gains £15. 12s. Gd. per cent.

(8) A stationer sold quills at 11s. a thousand, by
which he cleared & of the money and he afterwards
raised them to 13s. Gd. a thousand: what did he gain

per cent. by the latter price?
Answer: £96. Ts. 31d. 4.

(9) At what price must a commodity purchased at
£L14. 5s. per cwt. be sold to gain 21 per cent.; and what
quantity of it must be sold at that rate to clear £100.?

Answers: L17. 4s. 101d. per cwt. and the quantity
is 33cwt. 1qr. 18lbs. 11,70z,

(10) A merchant bought 160 quarters of wheat at
41s. 3d. per quarter and sold it at 58s. 4d.: what was
his gain? At what price ought it to have been sold to
gain £33, ? ’

Answers: £136., 13s. 4d. and 45s. 41d.

11) The prime cost of a cask of wine of 38 gallons
is £25. and 8 gallons are lost by leakage: at what price
per gallon must the remainder be sold so as to gain 10
per cent. upon the prime cost?

Answer: 18s. 4d.

(12) Divide £64. among 4, B and C, so that 4 may
have three times as much as R and C may have one third
of what 4 and B have together.

Answer: *4 has £36., B has £12, and C has £16.
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(13) A person paid a tax -of 10 per cent. upon his
income: what must his income have been when after he
had paid the tax, there was £1250. remaining ?

Answer: £1388. 17s. 91d. L f.

(14) A grocer had 150Ibs. of tea of which he sold
50lbs. at 9s. per Ib. and found that he was thereby gain-
ing 71 per cent.; at what rate must he sell the remaining
100lbs., so as to clear 10 per cent. upon the whole?

Answer: 9s. 83d. 2.

(15) A mixture of wine and water of 32 measures
“ contains one measure of wine: how much water must be
added to this mixture that 32 measures of it may contain
1 of a measure of wine?
Answer: 224 measures.

(16) A hare starts 40 yards before a greyhound and
is not perceived by him till she has been up 40 seconds:
she gets away at the rate of 10 miles an hour and the
dog pursues her at the rate of 18 miles an hour: how
long will the course last and what distance will the hare
have run? '

Answers: 60jseconds and 490 yards.

(17) At what time between twelve and one o’clock,
do the hour and minute hands of a watch point in direc-
tions exactly opposite ?

Answer: 32min. 43/ sec. past 12,

(18) A church clock is set at 12 o’clock on Satur-
day night; at noon on Tuesday it is 3 minutes too fast:
supposing the rate regular find the true time when the
clock strikes four on Thursday afternoon.

Answer: 57% minutes before four.

(19) If 5 men or 7 women can perform a piece of
work in 35 days: in what time can 7 men and 5 women

do the same?
Answer: 16} days,

(20) A certain number of men mow 4 acres of
grass in 8 hours and a certain number of others mow
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8 acres in 5 hours: how long will they be in mowing
11 acres if they all work together?

Answer: 33 hours,

(21) If 15 men, 12 women and 9 boys can complete
a piece of work in 50 days; what time would 9 men,
15 women and 18 boys take to do twice as much, the
parts done by each in the same time being as the num-
bers 8,2 and 1°?

Answer: 104 days.

(22) If A can do a piece of work in 5 days, B
twice as much in 7 days and C four times as much in
11 days: in what time can 4, B and C together do three
times the said work?

Answer: 3 days 12hrs. 46%min.

(28) If A and B together can build a hut in 18 days
and with the assistance of C they can do it in 11 days;
in what time can C do it by himself?

Answer: 283 days.

(24) If 4 can do a piece of work in 1 hour, B
in 8 hours, C in 5 hours and D in 7 hours; in what
time can they do eleven times as much all working toge-
ther at their respective rates?

Answer: 6hrs. 33min. 45sec.

(25) A and B can do a piece of work in 10 days,
A and C in 12 days and B and Cin 14 days: in what
times can they do it jointly and separately ?
Answers: All together in 7% days, 4 in 17§ days,
B in 22% days and C in 30} days.

(26) If A, B and C could reap a field in 18 days,
B, C and D in 20 days, C, D and A4 in 24 days and D,
A and B in 27 days: in what times would it be reaped
by them altogether, and by each of them separately ?

Answers: By them altogether in 163 days, by 4 in
874 days, by B in 503days, by C in 4l days and by
D m 170} days,



CHAPTER VIIL

INVOLUTION AND EVOLUTION,

WITII THE ARITHMETIC OF SURDS.

INVOLUTION.

165. Drr. A Power of a number is the number
which arises from successive multiplications by itself: the
operation by which it is obtained is termed Involution ;
and the Degree or Order of the power is denoted by
the number of factors employed.

Thus, taking the number 2, we shall have the powers

of it as follows:

2 = 2, the first power of 2:

2 x 2 = 4, the second power of 2 :

2 x 2 x 2 =8, the third power of 2:

2 x 2 x 2 x 2 = 16, the fourth power of 2:

2x2x2 x2x2=_52, the fifth power of 2:

2x2x2x2x 2 x 2= (4, the sixth power of 2:

and so on, as far as we please:

but instead of expressing these multiplications at length,
which would soon become inconvenient, we denote the
same operations by means of Indices or small figures
placed a little above the line to the right of the quanti-
ties whose powers are intended to be exhibited: thus,
what is put down above may be denoted by

2'=2: 2'=8: 2°=382:
2P=4: 2'=16: 2°=64: &c.:
where the Inder sometimes called the Exponent is equal

to the number of factors and is greater by one than the’
number of operations.
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. In the same manner the second powers of the nine
digits are expressed: thus,

1°=1: 4=16: =49:
P =4: 5 =25: 8% = 64:
$E=0: 6* = 36: 9*=81:

and their third powers will be written as follows:
1*= 1: 4= 64: 7' =343:
P= 8: 5°=125: 8 =512:
3 =27: 6°=216: 9° =729,

The sccond and third powers of numbers are styled
their Squares and Cubes in reference to their application
to Geometry, as will be seen hereafter: and the operations
by which all powers are obtaincd are mercly those of
Multiplication.

166. To find the powers of a vulgar fraction or of
a quantity expressed decimally, a similar process is used :
thus,

2\! 2
(g) =3° !(2.5)'=2.5:
I}
N 2 2 4
S)=ZxZ=_: 2.50=2.5x2.5=6.25:
(3) 3379 !(4 5) 5x2.5=0.25
3 :
(g =gxgxg=i | (2.5)°=2.5x2.5x2.5=15.625:
3) 37375 21| =
&e.: ! &e.:

and cxactly in the rame manner the powers of a quantity
expressed by factors are found:
thus, the square of 2 x 7=(2x7) x (2 x7)
=2x2x7Tx7=2"xT"=4x49=140.

Hence it appears that a power of a fraction is equal
to the fraction formed by raising both its numerator and
denominator to the power, and that the power of a
quantity formed by factors is found by raising each factor

to the power. ‘
A mixed quantity is represented as a simple fraction

or as a decimal, before the process is applied.

167. This notation furnishes important conclusions
with respect to powers.
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Thus, since 3°=3 x3and 3*=3x 3x 3 x 3, we have
3'x 8=(8x8x3x38)x(8x9)
=3x8x3x3x3x3=38"=38":
3+8=Bx3x3x3)+(3x3)
3x3x3x3
T T 3x.
from which we infer that the Multiplication and Division

of powers of the same quantity are expressed by the
Addition and Subtraction of their indices.

Similarly, we have the fourth power of 3% expressed
by 3% x 5% x 3* x 3* = 3"= 8" ; or, the Involution of powers
is expressed by the Multiplication of their indices: and
converscly.

Ex. Let it be required to find the 6th power of 13.

Here, 13% =13"29=13'x13®x 13
=18 x 169 x 2197 = 4826809 :
and the same result will be obtained by cffecting any of
the operations indicated below :
13°=13"x13'=13"x 18°=13°x 13.
168. When one power of a quantity is divided b'y a

higher power of the same quantity, the quotient may be
expressed by the power of a fraction: thus,

T+ =(TxT)+(TxTxTx7)

oo ax7 1 1 _(l ’
TTxTxTxT TxT T 7)'
Also, from these Articles we ascertain that
71_:_ 75 = 74—2 = 72:

=8 x3=238"=3g"2

where the difference of the indices is employed in the
numerator or denominator according as the dividend or
divisor is the higher power.

If the indices of the dividend and divisor be the same,
this notation exfended will give us the representation of
unity or 1 in the form of the power of any number or
quantity whatever, as 7 for instance, whose index is 0,

since 1="7'+T=T"=17
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EVOLUTION,

169. Der. A Rool of a number is such a number
as being multiplied into itself one or more times produces
it; and the operation by which this root is obtained is
called Evolution.

Thus, the second or square root of 16 is 4, because
the square of 4 is 16, or 4'=4 x 4=16.

The third or cube root of 512 is 8, since the cube of 8
is 512, or 8°=8 x 8 x 8=512:
and similarly of vulgar fractions and decimals.

This operation is expressed by the sign ./~ which is
called the Radical Sign, with a small figure placed on
its left to particularize the root intended: thus,

J16=4 and Y512 =8:
but the square root is denoted by the sign ./~ only, with-
out the small figure, as being of most frequent occurrence.

These operations are also indicated by means of the
rimitive fractions J, i, &c., used as indices, so that the
indices 4, }, &c., denote operations exactly the reverse of
those expressed by the indices 2, 3, &c., respectively: thus,

4= 16, 16% = 4;
8= 512, 5123 8.

EXTRACTION OF THE SQUARE ROOT.

170. In this operation, having only one magnitude
to work with, we cannot avail ourselves of any of the
fundamental operations of Arithmetic: we shall there-
fore merely put down such instructions as will enable
the student to extract the square root, without entering
into the reasons upon which they are founded, these
reasons admitting of a much clearer exposition by means
of Algebraical Symbols than any that could be given in
particular numbers. See the Appendiz.

171. Repeating what was said in Article (165), we
have

Digits :
1,28 4,586,178 9:
Squares :
*1, 4, 9, 16, 25, 36, 49, 64, 81:
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whence, by mere inspection, we are enabled to find the
square roots of all numbers that can be produced by the
squaring of a single figure: but it 18 evident that this
statement will not be sufficient for finding the square
roots of quantities consisting of more than /mo figures;
and recourse must therefore be had to other expedients.

172.  From the number of figures in any proposed
quantily, to find the number of figures in ils square root.

Since, the square root of 1 is 1:
the square root of 100 is 10:
the square root of 10000 is 100:
the square root of 1000000 is 1000: &ec.:

we see immediately that the square root of a number of
fewer than three figures must con-ist of only one figure:
that of a number of more than two figures and fewer
than five, of two figures: that of a number of more than
four figures and fewer than seven, of three figures, and
so on: whence it follows, that it a dot or full point be
placed over every alternate figure, beginning at the yrits’
place, the number of such points will be the same as the
number of figures in the square root.

This is called the Rule for Pointing, and may easily
be extended to decimals: thus,

since, the square root of .01 is .1:
the square root of .0001 is .01:
the square root of .000001 is .001: &e.:

we infer that the quantity proposed must first be made
to have an dven number of decimal places, and then the
pointing must proceed from the place of units towards
the right hand over every alternate figure as before: and
the number of such points will be the same as the number
of decimal places in the square root.

Rule for the Extraclion 3f the Square Rool.

Point the alternate figures of the number proposed,
beginning at the place of units, so as to form as wpany
periods of two figures each as possible: find the greatest
square number contained in the first period on the left
hand, put down its root on the right as in division, and
subtract it from that period. To the remainder bring

H. A, .
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down the next period for a dividend, double the root just
found for a divisor, and find how often it is contained in
this dividend exclusive of the figure on its right hand,
annex this quotient to the figures in both the quotient and
divisor: multiply the divisor thus completed by the last
figure of the quotient, subtract the product as before,
and bring down to the remainder the period which comes
next in order: repeat the process till every period in
succession is disposed of, and the root or an approx-
imation to it will thus be obtained.

The divisors tried as above, or the ¢rial divisors, will
frequently be taken too large when the dividend consists
of only ¢wo or three figures, but not so in other cases:
and attention to this circumstance will save trouble.

Ex. 1. Find the square roots of 1444 and 16129.

Proceeding according to the directions given in the
Rule, we have

o 16129127
1444(38 1
9 22)61
68)544 ’ 44
544 94,7)7'7‘2_.6
1729

or, the square roots of 1444 and 16129 are 38 and 127
respectively : and these operations may easily be verified
by squaring the numbers 38 and 127 also, the import-
ance of the remark last made will be apparept.

Ex. 2. Required the square roots of the mixed
decimals 22.09 and 104.7931.

1047931 (1023

- 1
fgog(m7 202)0479
87)609 o
. 603 2043)7581
6129

—_——

1402
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The former of these is a complele square whose root
is 4.7; but the latter is not, its approximate root being
10.23 with a remainder .1402: and it will be found
upon trial, that (10.23)" +.1402 =104.7931: also, this
approximation might evidently have been carried farther,
by affixing to the right hand of the quantity proposed,
periods of cipkers which do not affect its value.

Ex. 3. Determine the square roots of the fractional

quantities 144 ona 1278%.

169

From Article (166), we see that the square root of
a fraction may be obtained by finding the square roots
of its numerator and denominator separately: whence,
144 _ the square root of 144 12
169 ~ the square root of 169 ~»13°
316
Hence also, since 1278,’;:3{-}?1,
may be found as above: but as the terms are seldom
complete squares, it is usual to express the fraction deci-
mally before the rule is applied; and in this instance,
we shall have the approximate square root of 1278.28
= 35.753 &c., which might have been extended to more
decimal places at pleasure.

Ex. 4. Extract the square root of the recurring

decimal 1.7.

the square root of

the square root

Here 1.7= lgg and therefore the square root is %:

1.3: but it generally happens that the corresponding
vulgar fraction is not a complete square, and the ap-
proximate root must then be found by the ordinary
method, though it will not be a recurring decimal.,

It may here be observed, that the remainger at any
stage of the operation must not exceed twice the cor-
responding quotient or portion of the root: and when
a few figures of the root are obtained, their number may
nearly be doubled by Division only.

Ezamples jor Practice.

(1) Find the square roots of 676, 21025, 288869
and 998001.

Answers: 26, 145, 537 and 999.
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(2) Determine the square roots of 2025, 692224,
33016516 and 45859984.

Answers: 45, 832, 5746 and 6772.
(3) What are the square roots of 5774409, 62805625,
182493081 and 3915380329 ?
Answers: 2403, 7925, 13500 and 62573.
(4) Required the square roots of 33.64, 1082.41,
22.8484 and 187.4161.
Answers: 5.8, 3.20, 4.78 and 13.60.
(5) Find the square roots of .0064, .005329,
.00058461 and .00038025.
Answers: .08, .073, .0231 and .0105.

(6) Extract the square roots of &, 1@, i and 2o,
Answers: 3, 13, 2 and §.

(7) What are the square roots of 4%, 103, 3452

and 150612 ?
Answers: 2}, 37, 182 and 1225.

. .41
(8) Required the square roots of 32}, 41}%, 4:4 ,
00841
1000

Answers: 53, 67, 2.625, .0029 and 27.5,.

(9) Determine the square roots of .9, 876.535,
728.6527 and 29.41275 to four places of decimals.

Answers: .9480, 29.6063, 26.9935 and 5.4233.

and 756.281¢7%.

(10) What are the square roots of the recurring
decimals, .1, .027 and .049382716.
i Answers: .3, .16 and .2.

EXTRACTION OF THE CUBE ROOT.

173. The Investigation of this operation is best con-
ducted by general Symbols, and we shall merely put
down here such observations and directions as are neces-
sary and sufficient for performing it.

. Digits :
1,2 8 4,567, 8 9:
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Cuhes :
1, 8, 27, 64, 125, 216, 343, 512, 729:

and it is important that these last numbers and the cor-
responding roots should be committed to memory.

174.  Given the number of figures in a number, to find
the number of figures in its cube root.

Since, the cube root of 11is 1:
the cube root of 1000 is 10:
the cube root of 1000000 is 100: &c.,

it follows that the cube root of a number between 1 and
1000 consists of one figure: that of a number between
1000 and 1000000 of two figures: that of one between
1000000 and 1000000000 of three figures, and so on;
so that if a .point be placed over every third figure,
beginning at the units’ place, the number of points thus
placed will be that of the digits in the cube root: and it
may manifestly be extended to Decimals.

Rule for the Exiraction of the Cube Rool.

Point the figures as above directed: then the first
fizure of the root is the number whose cube is equal
to, or next less than, the first period on the left hand:
and the remaining figures will be obtained by the follow-
ing uniform process.

To the remainder, if any, bring down the nezf period,
and for a divisor take 300 times the square of the part
of the root already found: this gives the next figure of
the root: perform the multiplication, to the product add
the square of the last figure of the root when multiplied
by the rest and by 80, and also the cube of the last, and
subtract the sum: to the remainder annex* the next
period, and proceed in the same way till the root or
the requisite approximation to it is obtained.

The first and second quotients will frequently be
taken too large; the remainder at any step must not
exceed three times the square of the root obtained to-
gether with three times the root itself, and the number
of figures in. the root may nearly be doubled by ordinary
division.
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Ex. 1. Extract the cube root of 21952.
Herec, after pointing the numbers, we have

21952 (28 = cube root:

. 2= 8
2°x 300=1200)1 89 5 2 dividend:
9600
8'x2x30= 3840
#= 512

139 5 2 subtrahend:

and this is easily verified, for the cube of 28 = 21952.
Ex. 2. Find the cube root of 12812.904.
12812.904(23.4=cube root:

2°= 8
2%x 300=1200) 4 8 1 2 dividend:
3600
Fx2x30= 540
3= 27

41 6 7 subtrahend:
23*x 300 =158700 )6 4 5 9 0 4 dividend:

634800
4*x 28 x 80 = 11040
4°= 64

6 4 59 0 4 subtrahend.

Ezamples for Praclice.
(1) Determine the cube roots of 1331, 15625, 46656
and 117649.
Answers: 11, 25, 36 and 49.
(2) Find the cybe roots of 2197, 185193, 704969
and 912678" -
' Answers: 13, 57, 89 and 97.
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(8) What are the cube roots of 83076161, 15069223,
105823817 and 873722816 ?
Answers: 321, 247, 473 and 956.
(4) Determine the cube roots of 17.576, 132.651,
493.039 and 64481.201.
Answers: 2.6, 5.1, 7.9 and 40.1.

(5) Required the cube roots of 18.609625, .007645373,
.876407493 and .001030301. N
Answers: 2.65, .197, .957 and .101.

. (f)')7 Extract the cube roots of 3%, ;oo., 49§ and
55817,

B

Answers: 4, 5%, 32 and 103.
(7) What are the approximate cube roots of .8, .27,
and the exact cube roots of .037 and 1587.962 ?
Answers: .9283 &c., .6463 &c., .5 and 11.6.

EXTRACTION OF SOME OTHER ROOTS.

175. The directions already employed may by a
little management be rendered available for the discovery
of some other roots, as will be evinced in the following
Examples.

Ex. 1. Required t‘le fourth root of 1679616.

The fourth gower of a quantity being equivalent to
the square of its square, it is evident that the fourth root -
will be the same as the square root of its square root,
and may be found by the two following operations per-
formed according to the Rulg laid down in Article (172):

1679616 (1296

1
22)67 1296(36
44 9
240)2396 ®66)396
2241 396
2586)15516

15516
and therefore the fourth root of 1679616 is 36.
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Ex. 2. What is the sixth root of 308.915776?

Here, the square root is found to be 17.576: and the
cube root of 17.576 is 2.6, which is evidently the sizth
root of the quantity proposed.

176.  What has been done in these two instances will
serve to shew that all higher roots of quantities may be
extracted by the rules already given, whenever the re-
ciprocals of the indices representing them can be resolved
into_the factors 2 and 3 or-these factors repeated : thus,
the eighth root of 21085.8 = the square root of the fourth
root of' 21035.8 = the square root of the square root of the
square root of 21035.8 = 3.47032 &c.; but such a process
manifestly cannot be, made use of in other cases.

SURDS OR IRRATIONAL QUANTITIES.

177. Drr. When the quantity whose root is to be
extracted is not a complele square, cube, &c., we have
seen that there will be a remainder left however far we
may continue the operation, and the root can therefore
be found only approximately : that is, such a quantity has
no exnct root, and its representation is termed a Surd or
Irraiional Quantity. :

For instance, the quare root of 2 expressed by /2,
is evidently not a whoie number, because the square of
no whole number whatever is 2: neither can it be a
mulgar fraction, because the squarc of every vulgar frac-
tion properly so called is itselt a vulgar fraction; and it
cannot be a recurring decimal, because all such quanti-
ties are equivalent to finites valgar fractions: in other
words, the square root of 2 may be found as nearly as
we please, but not exactly; and it is termed an in-
commensurable quantity, because it admits of no exact
measure which is any jfinife quantity whatever either
integral or fractional.

178. Thesurds oﬁmgst freq Juent occurrence are those
designated by the sign y or \/, or by the index 4, and
termed Quadratic Surds: and in general, when any
quantily is represented in the form of a surd by means
of a fractional index, it is always understood that the
nunierator of the index denotes the power to which the
number is intended to be raised, and that the deno-
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minator expresses the root afterwards to be extracted :
thus, 27} will represent the cube root of the square
of 27, and is therefore equivalent to the cube root
of 729 which is 9: that is, 275, though expressed in the
form of a surd, is in reality a rational quantity : and con-
versely.

179. Hence, the fundamental operations on surds
must be performed upon their approximate values ob-
tained as before : but these operations may frequently be
shortened, as will appear in the following instances.

Since J§=J4Tz =ﬁ x,\/§-=‘? x N/‘E, or=2 ,Ji.—’,
we have, in Addition, /8 + /2 =2 /2 + /2 = 8 \/2:
in Subtraction, ,/8—,/2=2,2-./2=,/2:
in Multiplication, ,/8 x \/2 = 2,/2 x /2 =4:
in Division, /g /2=2,/2+,/2=2:
where the extraction of only one root is sufficient for the

operations of Addition and Subtraction, and the .pro-
duct and quotient are rational quantities.

The Involution and Evolution of such quantities may
frequen_t]y be effected in the same way : thus, the square
of 2 J 5 =the product of the square of 2 and the square
of J5 = 4 x 5 =20 which is a rational number: and con-
versely.

Again, by multiplying each of the terms of the nu-

. 3y—
merator and denominator by /100, we have
512 +,7:08375 Y512 +./3.375
Y/Bo=2.01 T \/8000—- Y1
_8+15_0.5 1

=90-1= 19 =.5 =3 & rational quantity.

180. It has been said that the values of surds may
be found as nearly as we please: and this will clearly be
done by continuing the extraction to the number of places
of decimals in the root which we may find necessary for
the purpose: thus, since \/2 = 1.41421 &c., we have,

¢ 8=5
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Je=14, nearly :
= 1.41, more nearly:
= 1.414, still more nearly:
=1.4142, still more nearly :
=&c. ...l

and consequently its magnitude may be compared with
that of any other numerical quantity either rational or
irrational, although its absolute magnitude can never be
exactly ascertained.

18l. As quantities of this description have their
origin in circumstances not purely Arithmetical, it is
no objection to the definition of Ratio before given that
that they scarcely seem to be included in it.

A ratio may however be incommensurable in form,
when it is commensurable in fact, as is the case with
the ratio ,/8 : ,/2, whose magnitude is expressed by
2,/2 : /2, or by 2: 1.

Again, because the ratio ,,/5 : /2 is the same with
the ratio /3 x /2 : /2 x /2, or /6 : 2, the magnilude
of this ratio may be found to every degree of nicety by
continually increasing the number of decimal places in
the extraction of the square root of 6.

The Arithmetic Mean between two numerical mag-
nitudes being half their sum, will always be commen-
surable when they are so themselves ; but the Geometric
Mean, which is the square root of their product, will not
necessarily be a terminating quantity under the same cir-
cumstances: thus, the Arithmetic Mean between 13 and
24 is 18.5, a rational quantity, whereas the Geometric
Mean between them is ﬁle =17.663 &c., which is an
incommensurable magnitude.

. Ezample for Practice.
3
(1) Find the approximate values of 4 x <T:b) and

J3 x (Jg—.l), to four places of decimals,
Answers: .7161 and 2.1409.
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(2) What are the sum and difference of 5 ﬁ and
7 Jg, to four places of decimals?
Answers: 26.8698 &c. and 12.7278 &c.
{3) Find the value of the expression 16 J3+10Y/%
~4,/12 -3 /108, to two places of decimals.
Answer: 1543 &c.
(4) Determine the product and quotient of 5 J18

and 7,/63, to three places of decimals.
Answers: 1178.415 &c. and .381 &c.

_(5) What is the square of 8,/7 and the cube of

2 x i/s—)?
Answers: 63 and 18 ,/2.
(6) Required the approximate values of the square
roots of /11 and 14 —6 /5, to two places of decimals.
Answers: 1.82 &c. and .76 &c.

6] W_hich is the greater of J2+.J7and \J3+,[5?
also, of \/6-,/5 and \/8-,/T? .
Answers: ,/2+,/7 and J6-\52
(8) Reduce /20, 2./45 and 3,/80, so that they
may contain the same surd.
Answer: 2,/5, 6,/5, and 12,/5.

_(9) Dctermine the exact value of ~/ 1?) -;_8—:/5 +

V19-8,/5.
Answer: 8.

(10) Find the exact value of the compound surd

J /108 + 10 -/, /108 - 10.
' Answer: 2.

These subjects are fully discussed by means of
general symbols in the fiftk Chapter of the Author’s

Elements of Algebra.



CHAPTER VIIIL

THE NATURE AND PROPERTIES OF LOGARITHMS.

182. DEer. 1. Logarithms are a series of magnitudes
increasing by a common Difference, corresponding to
another series of magnitudes increasing by a common
Multiplier: thus, if the former series be the mnatural
numbers increasing by the common diffcrence 1, as

01 1, 2, 3, 4, 5, G; 7, 8 9, &C.;

and the latter begin with 1 and increase by the common
multiplier or factor 2, as
1, 2, 4, 8, 16, 32, 64, 128, 256, 512, &ec.,
or, 2°, 21,.2’, 2%, 2l 9%, 2% 97, 2% 2 &ec.;
any term of the former series is defined to be the loga-
rithm of the corresponding term of the latter: thus, we
have
O=logof 2° or 1; 5=log of 2° or 32;
1=log of 2' or 2; 6 =log of 2° or 64;
2=log of 2° or 4; 7 =log of 27 or 198 ;
3=log of 2° or 8; 8 =log of 2" or 256 ;
4 =log of 2* or 16; 9 =log of 2° or 512; &c.;
»where the number 2, which has been arbitrarily assumed,
is called the Radiz or Base of the System of Logarithms:
and it is evident that if the magnitude of any term in
either of these series of quantities be assigned, that of the
corresponding term in the other will be given.

Also, if an arithmetic mean between any two of the
terms of the former series be found, it is manifest from
the manner in which the two series are connected, that
a geometric mean between the two corresponding terms
of the second series must have the came relation to it,
throughout the whole extent of both the series adopted.

A simpler idea of these numbers will perhaps be had
by defining the logarithm of a magnitude to be the index
of a fired number which, when raised to the power de-
noted by that index, produces the magnitude, the fixed
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number being assumed of any magnitude whatever, that
of unity excepted because every power of 1 is 1.

183. Dgr. 2. If the number 10, which is the Base
of t§e Common System of Notation, be adopted for the
base of the lugarithms as above defined, the terms of the
series

» 0: l’ 21 3’ 4‘: 5: 6; 7: 8, 9) &C.
will, by the last Article, be the logarithms of the cor-
responding terms of the series.

10, 10', 10°, 10°, 10%, 10%, 10°% 107, 10% 10°, &e.:
that is, in a system of logarithms whose base is 10,

0O=log 10° or 1;

1=log 10' or 10;

2=1log 10* or 100;

3=1log 10° or 1000;

4=log 10* or 10000 ;

5=1log 10° or 100000;

6=1log 10° or 1000000 ;

7 =log 107 or 10000000 ;

8 =log 10* or 100000000;

9=1log 10° or 1000000000; &ec.=&c.:
and it is further manifest from what has been said, that
the arithmetic mean between any two terms of the first

series will be the logarithm of the geometric mean be-
tween the two corresponding terms of the second.

The arithmetic mean of 0 and 1 is .5:
the geometric mean of 1 and 10 is 8.16227 &c.;

and therefore .5 = the logarithm of 3.16227 &c.
The arithmetic mean of .5 and 1 is .75:
the geometric mean of 3.16227 &c. and 10is 5.62341 &c.;
whence .75 = the logarithm of 5.62841 &c.
The arithmetic mean of 1 and 2 is 1.5:
the geometric mean of 10 and 100 is 31.62277 &c. ;
whence 1.5 = the logarithm of 31.62277 &ec.:

and by continued repetitions of the process upon these
and other numbers it follows that the logarithms of all
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magnitudes whatever might be ascertained, though the
labour requisite to do it would be immense.

It appears that O is the logarithm of 1 in any system
whatever its base may be. .

184. Dgzr. 3. There is no difficulty in seeing.that
the logarithm of a magnitude between 1 and 10 will
be a decimal fraction: that of a magnitude between 10
and 100 will be 1 with a decimal fraction annexed : that
of one between 100 and 1000 will be 2 with a corre-
sponding decimal fraction, and so on : for,

0.5 =log 3.16227 &ec.:
0.75 =log 5.62341 &c.:
1.5 =log 31.62277 &c.: &c.:

and the integers 0, 1, 2, 3, &c., to the left of the decimal
points in the logarithms of magnitudes are called the
Characleristics of those logarithms: thus, 0 is the cha-
racteristic of the logarithms of all magnitudes between
1 and 10; 1 is the characteristic of the logarithms of
all magnitudes between 10 and 100; 2 that of all mag-
nitudes between 100 and 1000; &c.

185. DEF. 4. If the logarithms of all magnitudes
be calculated by processes analogous to the one above
explained, (or indeed by any other mcthods which the
present advanced state of mathematical science may sug-
gest, but which were unknown to the more early writers
upon the subject,) and the results be put into the form
of a table, we shall have what is called a T'able of' Loga-
rithms ; and this may be used to facilitate the arithmetical
operations of Multiplication, Division, Involution and Evo-
lution, and to render these operations when applied to
surds or other complicated magnitudes, exceedingly con-
cise and easy. The advantages thus conferred upon the
practical mathematician will be fully explained and ex-
emplified in the following Articles.

186. The Logarithm of the Product of two magni-
tudes is equal to the sum of the Logarithms of those mag-
nitudes.

Resuming the two series of magnitudes last used, we
have .
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logarithms, 0, 1, 2, 8, 4, 5 6, 7, & 9 &ec.:
numbers, 1, 10, 10% 103, 10%, 10°, 10° 107, 10%, 10°, &c.:
and in these we observe that
log (1x10)=log10=1=0+1
=log1+log10:
log (10 x 100)=1log 1000=38=1 +2
=log 10 + log 100
log (10 x 1000)=log 10000 =4 =1 + 3
=log 10+ log 1000:
log (100 x 10000) =log 1000000 = 6 = 2 + 4
=log 100 + log 10000: &c.:
also, it is manifest from the formation of these numbers,
that the same must be universally true, and that
log6 =log(2x3)=log2+log3:
log 15 =log (3 x 5)=log 3 +log 5:
log24=log (4 x6)=log4+log6: &c.:
and this property may be rendered available to facilitate

the multiplication of numbers whenever a table of loga-
rithms, as explained in the last Article, is at hand, -

Ex. Letit be required to find the product of the
numbers 7 and 23, by means of a table of logarithms,

Here, referring to tables of this description, we find
log 7= 0.8450980,
log 23 = 1.8617278,

the characteristics which are there omitted being 0 and

1 respectively, for the reasons assigned in Article (184):
whence, the logarithm of the required product will be

0.8450980 + 1.8617278 = 2.20068258 ;

and by looking again into the table, we find that this
quantity without the characteristic, namely, .2068258 is
the logarithm of 161, the characteristic itself merely
shewing that the number is between 100 and 1000: that
is, we have now the logarithm of the required product
cqual to the logarithm of 161, and consequently the
product will be 161.

The operation above given may be more convcniently
arranged as follows :
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log (7 x23)=log 7 + log 23
= 0.8450080 + 1.3617278
= 2.2068258
=log 161 : ®
and therefore 7 x 23 = 101, as we know to be the case.

Precisely in the same manner, whatever be the num-
ber of factors as 17, 26, 35, &c., we shall have

log (17 x 26 x 35 x &c.)=log 17 + log (26 x 35 x &c.)
=log 17 + log 26 + log 85 + &c.,

from which the product may be ascertained as in the
preceding example.

187. The Logarithm of the Quoticnt of tiwo magniludes
is equal to the difference of the Logarithms of those mag-
niludes.

Referring to the statement made at the head of the
last Article, we sce that

log(10+1)=log10=1=1-0
=log 10 -log 1:
log (1000 + 10) =log 100=2 = § — 1
=1log 1000 —log 10:
log (1000000 -+ 100) = log 10000 = 4 = 6 — 2
=log 1000000 - log 100: &c.:
and the general nature of these operations leads us to
conclude similarly, that
log 3 =log(6+2) =log6 -—log2:
log9 =log (27 +3) =log27 - log 3:
log 28 = log (161 + 7) =log 161 —log 7: &c.
This property will enable us to ascertain the quotient
of two quantities, by the help of a logarithmic table.
Ex. What is the quotient arising from the division
of 824 by 27?
Here, log (324 +27) = log 324 — log 27
=2.5105452 - 1.4313639
=1.0791813
=log12:
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whence it follows from the equality of these logarithms,
that 324 £ 27=12,
as is easily verified by ordinary division.

188. The Logarithm of a Power of a magnitude is
equal to the Logarithm of that magnitude multiplied by
ils index.

For, we have seen in the preceding Articles, that

log10’=1og100 =2=2x1=2xlog10:
log 10°=10og 1000 =3=3x1=3xlog10:
log 10*=1og 10000 =4=4 x 1 =4 x log 10: &ec.:

and similar conclusions will manifestly hold for the
powers of any other magnitudes, as

log4* =3 xlog4:
logg” =7 xlog9:
log 18" =10 x log 18: &e.
Ex. To find the seventh power of 2, we have
log2"=17 x log 2 '
=7 x 0.3010500
=2.1072100 =log 128:
whence, suppressing the logarithms of both, we have
97 = 128,
which ordinary multiplication will shew to be true.
189. The Logarithm of the Rool of a magnilude is

equal to the Logarithm of that magnilude divided by the
whole number mhich denotes the root,

For, as before, it is evident that
log \/100 =log 10 =1=2 + 2 = 1 log 100:
log /1000 =10g10=1= 3+ 3=} log 1000
log /100000 =log 10 =1 = 5 + 5 = } log 100000: &c.:
and similarly, whatever the numbers may be, as
log /11 =4logll:
log J/125 =%}log125:
log /3421 = § log 3421: &c.
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Ex. To extract the seventh root of 128, we have

log [/ﬁ =}log 128
=1} (2.1072100)
=.3010300 =log 2:

whence is immediately obtained /128 = 2.

190. From the preceding Articles and examples given
to illustrate them we perceive that by the assistance of
a table of logarithms, the operation of Multiplication is
reduced to that of Addition : the operation of Division to
that of Subtraction : the operation of Involution to that of
Multiplication, and the operation of Evolution to that of
Division : and it cannot now be difficult to see of what
immense importance such numbers must be in those de-
partments of science wherein these operations are called
into frequent practice, and more particularly in the use
of surds or other complicated quantities, which it would
require great labour to manage according to the rules
previously laid down.

191. As far as the theoretical view of logarithms is
concerned, it is manifestly of very little importance what
magnitude be adopted as the base of the system: but in
practice, the one here assumed may easily be shewn to
possess great advantages over all others, both as to the
computations of the numbers thcmselves, as well as to
their practical use.

From the properties of these numbers taken notice of
in Articles (186) and (187), it will appear that the loga-
rithms of al/ magnitudes expressed by the same significant
digits, whether they be integral, decimal or mized, differ
only in their characteristics, the quantity to the right of
the decimal point called the Mantissa or Over-weight,
remaining the same for them all.

r, by every multiplication or division of a quantity
by the Base, the characteristic of its logarithm is in-
creased or diminished by an unit ; because we have

log 1230 =log (123 x 10)
=log 123 +log 10 =log 123 +1:
log 12300 = log (123 x 100)
* =log 128 +1log 100 = log 125 +2:
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log 123000 =1log (123 x 1000)
- =log 123 +10og 1000 =log 123 + 3: &c.:
log 12.3 =log (123 + 10)
=log 123 —log 10 =log 123 —1:
log 1.23 = log (123 + 100)
=log 123 - log 100 =log 123 — 2:
log .123 =log (128 + 1000)
=log 123 —log 1000 =log 125 — 3: &c.:
and since the characteristic of the logarithm of a figure
in the place of units is 0, it is evident that the character-
istic in any case will be additive or subtractive according
as the number is greafer or less than unity : and it is on
this account that in the tables usually employed the
characteristics are entirely omitted, being intended to be
supplied by the calculator when wanted.

Thus, by means of a logarithmic table, we have
log 123 = 2.0899052,
the characteristic 2 being here supplied from the con-
siderations mentioned in (184): therefore from what is
done above, we get .
log 1230 =1 +log 123 = 3.0899052 :
log 12300 =2 +log 123 = 4.0899052 :
log 123000 = 38 + log 123 = 5.0899052:
log 1230000 = 4 + log 123 = 6.0899052: &c.:
log 12.3 =log 123 — 1 = 1.0899052:
log 1.28 = 1()g 123 — 2 = 0.0899052 :
log .123 =log 123 — 8 =1.0899052 :
log .0123 =1log 123 — 4 = 2.0899052: &c.:
the small lines made over the 1 and 2 in the last two
logarithms being intended to shew that the characteristic

is there to be subtracted, instead of being added & in
the rest, the mantissa remaining additive as before.

. The construction of logarithmic tables will conse-
quently be much facilitated by the adoption of the num-
ber 10 as their base, a single mantissa now belonging to
all magnitudes expressed by the same significant digits,
which evidently could not be the case were any other
assumed in its stead: and the advantage arises entirely
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from the circumstance of this number being the base of
the system of notation in general use.

192. It would be foreign to the design of the present
work to enter into the detail of the methads employed
in the construction of a Table of Logarithms, and we
shall merely notice, among some of the uses of such
a table, how the logarithms of numbers may in certain
cases be derived from one another, und what expedients
may be resorted to in order to establish their correctness.

193.  To find the Logarithm of a Composite Number.

Let the number be decomposed into its prime factors;
then by Article (186), the logarithm of the number
proposed is equal to the sum of the logarithms of its
factors.

Thus, since 987 =3 x 829=8 x T x 47,
we have log 987 =log 8 + log 7 + log 47 ;

and if the latter be known, the first is found : also, these
logarithms if calculated independently will verity one
another.

194. To find the Logarithm of a Fraction.

Let the logarithm of the denominator be subtracted
from the logarithm of the numerator, and the difference
will be the logarithm of the proposed fraction, as appears
from Article (187). \

Thus, log==1log 5-logT7:

-3

and log 3;=]og159=10g 19-log5: .

and from these instances it follows that the logarithm
of @proper fraction is subtractive whilst that of an
improper fraction is additive.

In practice, the logarithm of a proper fraction is
adjusted so as to have its mantissa additive and its charac-
teristic subtractive, as in Article (191): thus,

log-g- =log §-log 7=log50-1 log7 =1+ (log 50~1log 7).
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195.  To find the Logarithm of a Power or a Surd.

Multiply the logarithm of the quantity by its index
whether integral or fractional, and the result will be the
logarithm of the power or surd proposed, as is evident
from Articles (188) and (189).

Thus, log7* =2log7:
2\2 3 2 38
and log (‘))5 =z log 9=3 (log 2-log 9):

and the logarithm of a surd will therefore be greater
or less than the logarithm of its root, according as the
index is greater or less than 1. -

196. To find a fourth proportional to three given
magnitudes.

From the sum of the logarithms of the second and
third magnitudes subtract that of the first, and the
remainder will be the logarithm of the fourth propor-
tional which may therefore be found by the tables.

Thus, let x be a fourth proportional to 3, 7 and 11:
then since

3:7x11: a,
7Tx11 .
3 »
and therefore log 2 =log 7 +log 11—log 8.

we have r=

197.  To find a mean proportional, or geomelric mean
between two given magnitudes.

Divide the sum of the logarithms of the proposed
quantities by 2, and the quotient will be the logarithm
of their mean proportional.

Thus, if z be the mean proportional between 13 andg
17, we have, by the definition of a mean proportional,

1S:xu2x:17;
and therefore by Article (130), we obtain
=18 x 17 and z= (18 x 17)};

whence, logz= % (log 13 +log 17).

198. The preceding Articles shew us that in the
formation of a set of Logarithmic Tables it will be



190 THE NATURE AND PROPERTIES

necessary to calculate the logarithms of the prime num-
bers only, and that those of their various multiples may
then be found by addition.

When part of a table has thus been constructed,
one portion of it may be used to verify another: thus
when we have found the logarithms of 3, 5 and 6, we
should have

1=10g10=10g‘%0=log30-10g3=log5+log6—log3:

and by means such as these, a ckeck may be applied
at any stage of the process in order to ascertain the
correctness of the previous computations.

199. For the reader’s exercise we put down here
the logarithms of the prime numbers less than 100 with-
out their characteristics; and he will thus be enabled
to construct for himself a table of the logarithms of all
other numbers up to 100.

Nos. !l Logarithms. | Nos. i Logarithms.
2 3010300 43 6334685
3 4771213 47 6720979
7 8450980 53 7242759

11 0415927 59 7708520

13 1139434 61 7853298

17 2304489 67 8260748

19 2787536 71 8512583

23 3617278 73 8633229

29 4623980 79 8976271

31 4913617 83 9190781

37 5682017 89 9493900

41 6127839 97 9867717

These logarithms are extracted from Mr. Babbage’s
Tables which every practical Student should have in
his possession.

Ezamples for Practice.
:(1) Required the logarithms of 5 and 168.

Answers: .6989700 and 2.2253093.
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(2) Determine the logarithms of 1.04 and 3690.
Answers: ,0170334 and 3.5670265.

(3) What aré the logarithms of 1§ and § ?
Answers: .2430380 and 1.8616973.

(4) Express the logarithm of 225 by means of the
logarithms of 2 and 38, and verify it.

Answer: 2-2log2+2log 3.

(5) Given the logarithms of 3 and 7, find the loga-
rithm of 14700, and verify it.

Answer: 2+log3+2log?7.

(6) Given the logarithms of 2 and 3, deduce the
logarithm of .0072, and prove the converse. .

Answer: 3log2+2log3— 4.

(7) Find the logarithm of 50000 in terms of the
logarithms of 216 and .081.

Answer: 5.75- é log 216 + i— log .081.

(8) Express the logarithms of 8 and 9 in terms of
those of 6 and 15.

Answers: 1.5 +-glog6 --Z—logl.‘i and log 6 +log 15 -1.

(9) Find the logarithm of 83349 from the loga-
rithms of' 8 and .21.

Answer: 6 +2log 8+ 3log.21.

(10) Given the logarithms of 15 and 16, find those
of 27 and 43,

Answers: 3log l5+2log16—3 and 410gi5+i—10316—5.

(11) Find the logarithms of 15.625 and .00475.
Answers: 6log5—3 and 2log 5 +log 19— 5.

. . 9 2 .
(12) Required the logarithms of 16 and 37510 terms

of the logarithms of 2, 3 and 5.

Answers: 2log5+2log3-2log2-2,
and 4log 2 —log 3-3.
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e

;135 and

(18) Determine the logarithms of
J1.625, by means of those of 2, 3, 5 and 13.

2 2
Answers: 2 log 2 ——glogs +3 log 5-1,

and -& log 13— % log 2.

(14) Express the logarithm of 7 in terms of the
logarithms of 2 and .714285.
Answer: 1 -log - log .714285.
(15) Given the logarithm of 10424 = 4.0180353:
find the fifth root of 13.
Answer: 1.0424.
2% x 25°

(16) Determine the value of the expression ~ --
4" x 10

by means of logarithms,

Answer: 6.25.
(17) Find a fourth proportional to the quantities
1.3, .0104 and 2.375 by logarithms.
Answer: .019.
(18) Determine by logarithms a mean proportional
between the magnitudes .00+ and 72250.
Answer: 17.
(19) Given .200686 = log 1.58740 = 2 log 1.25092:
find the value of J4— /2.
Answer: .32748.

v (20) Given 2.230930( =log 170.188: it is required
to find the value of 8 x ;./7 ,Jéz x ,:/é.
Answer: 13.01504.

(21) Required the number of figures in the product
of 324 and 126, by means of logarithms,
Answer: 5.
(22) Find the numbers of digits in the results of
the involutions of 2! and 3", by means of logarithms.
. Answers: 4 and 6.
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(23) Required by a table of logarithms, the index of
5 which shall give a result equal to 20.
1 +log 2
1-log2’
(24) Find the logarithm of 180 in a system whose
base is 12, by means of a table of common logarithms.
1+log2+2log3

Answer: 2_10—g—é :'_ ]o—g—é*-- . .

Answer:

(25) Shew that the Mantissa of a logarithm depends
upon the figures and not upon the pointing off : and that
the Characteristic depends upon the pointing off and
not upon the jfigures.

The invention of Logarithms is due to the celebrated
JonN NAPIER or NErEr, Baron of Mgrchislon in Scot-
land, who was born in the year 1550 and died in the
(8th year of his age. The base of the Napierian System
of Logarithms is the mixcd magnitude 2.71828 &c. ; but,
for the great improvement in the subject hinted at in
Article (191), we are indebted to Mr. HENrRY Brigas,
Professor of Geometry at Ouxford, by whom a Table of
Logarithms was published in the year 1624.

The reader who may be desirous of further inform-
ation upon this portion of science isreferred to Dr. HuT-
10oN’s Mathematical Tables which contain an account of
the discoveries of the most celebrated writers connected
with it: but he will not be able to appreciate their inge-
nuity and merits without a much more extensive know-
Jedge of mumerical calculations than can be acquired
from this or any other treatise on Arithmetic.

H. A 9



CHAPTER IX.

THE APPLICATION OF ARITIIMETIC TO
GEOMETRY.

200. Der. 1. In some of the preceding chapters
the symbols and signs of Pure Arithmetic have been
transferred from abstract magnitudes so as to represent
concrele magnitudes and their relations to each other ; and
it is on the same principle that the objects of Geometry
or Geometrical Magnitudes, as Lines or Distances, Super-
Sicies or Areas, afd Solid Contents or Volumes, are valued
and compared by means of the numbers representing
their respective Dimensions.

A line having length only has one dimension : a super-
ficies having length and breadil comprises fwo dimen-
sions; and a solid has {hrec dimensions, inasmuch as it
is defined by three magnitudes, length, breadth and depth
or thickness.

201. Drr. 2. A Measure in Geometry is a magni-
tude assumed as an Unil with which other magnitudes
of the same kind may be compared: and though one
magnitude neither contains anolher nor is contained in
it an exac/ number of times, there may still be a third
and smaller magnitude which is capable of*measuring

them both.

A measure has therefore the same relation to quantity
as unit has to wumber; and all quantities and numbers
are said to be equal to the aggregates or sums of tlfeir
measures and units respectively.

When the magnitudes of lines are numerically ex-
pressed, the Principles of Geomelry must furnish the
means of valuing or comparing with each other, those
of both superficies and solids of which lines naturally
form the dimensions: and® on this account we shall first
establish the Z'keory of Lincal Measure and then deduce

those of Syperficial and Solid Measure from it.
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THE THEORY OF LINEAL OR LONG MEASURE.

202. Der. An Unit of lineal or long measure is a
straight line of a certain length, arbilrarily fixed upon ;
and by means of the ratios which other lines bear to it,
their aumerical magnitudes are ascertained.

Thus, if the straight line @b be the lineal unit, the
numerical magnitude of the straight line 4 B will be ,
a b A I | ! B
c I i I 1 i D

determined from the following proportion :

the magnitude of ab : the magnitude of AB :: a lineal
unit : Zke lineal units in 4B ; that is,

the magnitude of 4B will be

= the magnitude of a b x -tllek]efll—l—m]@—!q 4B
a lineal unit

=the magnitude of abd x the aumber of lineal units in AB:
whence, representing the magnitude of ab by wnily or 1,
we shall have the numerical magnitude of 4B Tepre-
sented by the number of lineal units contained in it;
that is, it’ the lengths of two straight lines AB and CD
be respectively 4 times and 6 times as great as the length
of the lineal unit @b, the magnitudes of 4B and CD
will be 4 and 6 respectively which are expressed by the
cqualitics,

AB=4 and CD=6:
and the s@me method of proceeding will shew that if any
straight line be a multiple of the lineal unit, the numerical
representative of its magnitude will be a whole number.

If the line AB be not an exact multiple of the lineal
unit ad but have a common imeasure with it, so that
when they are botk divided by it, the common measure
is contained 7 times and 3 times in them respectively ;
then, we have

the magnitude of 4B : the common measure :: 7 : 1;
and the common measure : {§e magnitude of ab :: 1: 3;

that is, by Articles (130) and (131), we have

the magnitude of 4B =7 x the common measure ;
9—2
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1
and the common measure = 3% the magnitude of ab;

from which equalities we find
the magnitude of 4B =7 x % x the magnitude of ab

= % x the magnitude of ab
7
=3

the magnitude of ab being represented by 1, as before ;
and thus, whenever a line is not a multiple of the lineal
unit but has a common measure with it, its numerical
magnitude will be represented by a fraction.

If, however, the proposed line 4B be neither a
multiple of the lineal unit ab, nor have a common mea-
sure with it, as for instance, if 4B = ,Jé, then only an
approximate arithmetical representation of its value can
be had, where the approximation may easily be carried
far enough to answer every practical purpose, as appears
from Article (180).

It need scarcely be observed here, that if the lineal
unit be an inch, a fool, a yard, &c., the corresponding
magnitudes of the proposed lines will be expressed in
inches, feet, yards, &c., and their parts respectively.

If the base AC and the perpendicular altitude BC
of the triangle 4 BC right-angled at C, be

n

A [

arithmetically represented by 4 and 3 denoting 4 inches
and 3 inches respectively : then by Eucrib, 1. 47,

A 84001 B2
N =4"+38"=16+9=25:
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whence, by extracting the square roots of both sides of
the equality, we have

AB =5 inches;
or AB will be arithmetically represented by 5.
If A(‘ = 3 feet and BC = 2 fect, we have, by the same
proposition,
AB=AC+BC=3+2"=9+4=13:
and thence, by the extraction of the square root, we find
AB = /13 = 3.605 &e. fect, ]
which is only an approximation to the ¢rwe value but
may be continued to as much nicety as we please.
If we had AC = BC = 1 yard, then would
AB= AC*+ BC*=1"+1°=2:

and therefore, by performing the same operation, we have

AB=,/2 = 1.4142135 &c. yards.

The last result proves the Aypofenuse of a right-
angled isosceles triangle, or the diagonal of a square, to
be incommensurable with either of the sides.

Hence, it appears that a quadratic surd may be
expressed accurately in Geometry though not so in
Arithmetic; and it is also clear that any other geome-
trical proposition may be translated into the symbols of
Arithmetic and any part determined, when the number of
the data or of the parts given, is sufficient for the purpose.

THE'THEORY OF SUPERFICIAL OR SQUARE
MEASURE.

203. Dxr. An Unit of superficial or square measure
is a square surface or area, whereof the length of each
side is the lineal unit: thus, if ad be the lireal unit,

V/ (A

A B

the square abcd described upon it will be the superficial
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or square unit, having the {wo dimensions ¢ b and ad,
whic({\ may be regarded as its length and breadth: and
the magnitude of any proposed surface or area will be
obtained by finding what mulliple, part or parts, the sur-
face or area is of this unit.

204. The numerical representative of the Area of a
reclangular parallelogram is equal to the product of those
of two of its adjaccnt sides.

Let ABCD be a rectangular parallelogram whereof
the adjacent sides 1B and 4D contain 7 and 5 lineal
units respectively ; take AII'= AK - the lineal unit, and
draw KE and HF parallel to AB and AD intersecting
in G, so that 4G being equal to abed,

Vi - ‘0
o,
K (¢4 J— 4
o b
A B
”

will be the superficial unit: then, by Euvcrin, vi. 1, we
have

the area of the parallelogram ABEK : the area of the
superficial unit AHGK 2 AB : AH :: 7 : 1;

whence, by Articles (130) and (131),

the area of the parallelogram A BEK =17 x the area of
the superficial unit 411GK ;

again, by the same proposition we have

the area of the parallelogram ABCD : the area of the
parallelogram ABEK :: AD : AK =2 5 : 1;
or, the area of the parallelogram ABCD = 5 x the
area of the parallelogram 4ABEK ;

and therefore, from the preceding equality, we obtain®

the area of the parallelogram ABCD = 5 x 7 x the area
of the superficial unit AHGK ;

whence, if tHe area of the superficial unit be represented
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by 1, the area of the parallelogram ABCD will be repre-
sented by
5xT7 or 35,
which is the product of two of its adjacent sides;
or, the area of the parallelogram ABCD = ABx AD

=7 x 5 =35 superficial units.

Also, from the general principle of the demonstratjon,
the same conclusion must hold good if the sides be
represented by fractions or irralional quantities, inasmuch
as the proposition of geometry here made use of has re-
ference to quantity and not to number only.

If the two sides be equal to one another and to 12
inches or 1 foot, so that ABCD becomes a square: then
the arca of the square ABCD

=AB x AD =12 x 12 =144

that is, if the side of a square contain 12 lincal inches,
its arca will comprise 144 superficial or square inches: or,
in other words, 144 square inches are equal to 1 square
foot.

Similarly, 9 square feet arc equal to 1 square yard
and 301 or $0.25 square yards, to 1 square pole,

Hence it follows from ]_Zuclid, 1. 35 and 36, that the
arca of any parallelogram is expresscd by the product of
the numerical values of its basc and altitude.

205. If the base and altitude of a triangle be repre-

sented by numerical magnitudes, its area will be nu-
merically represented by half their product.
For, let the base 4B be equal to 8 fect and the alti-
tude CD to 3 feet:
C

A D B
then, by Evucrip, 1. 37 and 41, the area of the triangle
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ABC is equal to Lalf that of the parallelogram whose
base is AB and whose altitude is CD: whence,

the area of the triangle ABC =1 of AB x CD
=lof (8x3)=10f24=12;

that is to say, if the base and altitude of a triangle be
equivalent to 8 and 3 lineal units respectively, then will
its area be represented by 12 superficial units of the same
name ; and it is of no consequence whether the dimen-
sions be integral, fractional or irrational, as appears from
Article (204).

206. 1f we take the four-sided figure ABCD called
a Irapezium, and

D

find the numerical value of the diagonal BD and of each
of the perpendiculars AG and CH let fall upon it from
the angles A and C, the area of the figure being the sum
of the areas of the two triangles ABD and BCD, may be
ascertained,

Thus, if by measuring we have found that BD =5,
AG =4 and CH =1/ lineal units; we shall have

the area of ABCD =the area of ABD + the area of BCH
' =4BDx AG + }BD x CH
=4(6x4)+3(5x1.5)
=2+2=10+375
=13.75 = 13 superficial units;

and the same result must evidently have been obtained
if perpendichlars had been let fall upon the other diago-
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nal AC from the angles B and D, because the area of
the figure cannot have (wo different magnitudes.

Similarly, the area of any rectilineal figure may be
found by adding together the areas of the triangles which
compose it.

207. Conversely, if the area of a parallelogram or
of a triangle and either its base or altitude be given,
the other of these magnitudes will be obtained by divi-
sion.

Also, if the superficial units comprised in the area of
a square whose side is ADB, be 1521 ; then,

AB*=1521:
from which, by the extraction of the square root, we have
AB=39:

that is, if the area of a square surface be 1521 superficial
units, each of its sides will be 39 lineal units.

Again, an acre, being a parallelogram 40 poles in
length and 4 poles in breadth containing 4840 square
yards, will be equal to a square whose side =,/4840
=09.57 &c. = 693 yards, nearly.

THE THEORY OF SOLID OR CUBIC MEASURE.

208. DEer. An Unit of solid or cubic measure is a
cube or rectangular parallelepiped whose length, breadth
and thickness are each equal to the lineal unit; as the
solid af represented hereafter, wherein ab=ac=ad =
the lineal unit, denotes the solid or cubic unit: and the
solid content or volume of any body of threc dimen-
sions will be ascertained by finding what multiple, part
or parts, it is of this unit, the lineal dimensions or the
length, breadth and thickness heing supposed first to be
numerically exhibited.

.

209. The numerical represenlative of the Solid Con-
tent or Folume of a rectangular parallclepiped is equal
to the product of the magnitudes representing its length,
breadth and thickness.

9—5
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Let ABFM represent a rectangular parallelepiped
whereof the length AB = 5, the breadth 4C = 4 and
the thickness 4D =3 lineal units, the denominations of
the dimensions being the same in each:

/] -V
1/A
(] /
a L s
r L L E
al 1 7 P;
‘ [
A o7 h ’{} L
/j‘.
y 2% /
4 '
L . |
'4 “

take AIl= AK = AL = the lincal unit and complete the
construction as in the diagram; then AG will be =«
cube equal to the solid unit ¢f; and by Evcrip, x1. 25,
we have ) .
the parallelcpiped AF : the parallelepiped 47

2 CD : nCL :: AD : AL :: 3 : 1;
and the parallelepiped A¥ =3 x the parallelepiped 47 ;
also, the parallelepiped 47 : the parallelepiped AP

2w Bl BP :: AC : AK :: 4 : 1;
and the parallclepiped 4T =4 x the parallelepiped AP;
again, the parallelepiped 42 : the parallelepiped 4G

200 BL o HL :: AB: AIl =2 5 : 1; -

and the parallelepiped AP =5 x the parallclepiped 4G ;
whence, we have the parallelepiped 4F

= 3 x the parallelepiped 41
= 8 x 4 x the parallelepiped AP
=3 x 4 x 5 x the parallelepiped 46 ;

but the parallelepiped 4G being equal to the solid unit
is represent¥d by 1; consequently, the numerical magni-
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tude of the rectangular parallelepiped whose three con-
tiguous edges are 3, 4 and 5 lineal units will be repre-
sented by

3 x 4 x 5 =060 solid units:
that is, the content of the parallelepiped ABFM

=AB x AC x AD =5 x 4 x 8 =60.

If the three edges AB, AC, AD be cqual to one
another and their magnitude be 3 lineal feet or 1 yard,
the parallelepiped becomes a cube whose magnitude
=3 x 3 x 3= 27 solid feet: that is, 27 solid or cubic feet
are equal to 1 solid or cubic yard.

Similarly, 1728 cubic inches are equal to 1 cubic
foot.

Also, it follows, from Euclid, x1. 31, that the content
of any parallelepiped is equal to the product of the area
of its base and its altitude.

210. Ifence may be found the length of an edge
of the cube which is of equal solid content with any
proposed parallelepiped.

Thus, if a parallclepiped be 7 inches in length,
3} inches in breadth and 1§ inches in depth, its solid
content will be

7 x 3} x 1§ =427 inches:
whence, the edge = :/«I-Qi = Y3875 =8.5= 3} inches.

In the same manner the altitude of a parallelepiped
may be found by dividing the solid content by the area
of the base ; and vice versd.

211, It will not here be nccessary to pursue these
subjects further ; and we shall now only give directions
tor ascertaining the measures of such magnitudes as most
frequently present themselves to our notice, without
attempting their investigations which belong to higher
departments of Mathematics.

THE PRACTICE OF LINEAL MEASURE.

(1) Right-angled Triangle. The square root of the
sum of the squares of the Sides forming the right
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angle is equal to the Iypotenuse: and the square root
of the difference of the squares of the hypotenuse and
either side is equal to the other side.

(@) Circle. The circamference is equal to the
product of twice the radius by $.14159, nearly: and
the radius is equal to the quotient of the circumference
by 6.28318, nearly.

3) Hence, the Homologous Lines in similar triangles
and in all circles are proportional.

Ex. 1. If the base of a triangle be 1, and the per-
pendicular be 1, the hypotenuse = /17 + 1* = /2.

If the base be J2 and the perpendicular be 1, the
hypotenuse = /2 + 1 = /3.

If the base be ,/3 and the perpendicular be 1, the
hypotenuse = JiTi= Ji=2.

If the base be 2 and the perpendicular be I, the
hypotenuse = ,/4+1 = /5, and so on: and in all these,
only approximate arillimetical values of the surds can
be found by evolution ; also, it is worth noticing how
all the primilige surds successively originate from these

geometrical considerations, as has been hinted before at
the end of Article (202).

Ex. 2. The wheels of a carriage are 2} yards
asunder and the inner wheel describes the circum-
ference of a circle whose radius is 20 yards: find the
difference of the paths of the two wheels.

The circumference of the inner circle =3.14159 x 40:
the circumference of the outer circle =3.14159 x 45:
whence, their difference will evidently = 3.14159 x 5
=15.70795 yards =157 yards, nearly. -

Lzamples for Practice.
(1) Required the hypotenuse of a right-angled
triangle whose sides are 24 and 32 feet.
Answer : 40 feet.
() Find the diameter of a rectangle whose sides
are .2 of an inch and .99 of an inch.

. Answer : 1.01 inches.
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(8) Find the base of the right-angled triangle,A
whose other sides are 4 and ,/48.
Answer: 4,/2.

(4) If a ladder 103.44 feet long be placed so as
to reach a window 40 feet high on one side of a street
and a window 60 feet high on the other side: what
is the breadth of the street?

Answer : 180 feet, nearly.
(5) Of two -ships from the same port one has

sailed 50 leagues due east and the other 84 leagues due
north: what is their distance from each other ?

Answer: 97§ leagues, nearly.
(6) A square field has a diagonal path across it,
measuring 125 yards: find the length of its side.
Answers: 88.3883 yards, nearly.

(7) Find the circumference of a circle whose radius
is 6.3662 yards.
Answer: 40 yards, nearly.

(8) If the diameter of the Earth be 7912 miles, find
the length of a Frenck Metre which is one ten-mil-
lionth part of a fourth part of its circumference.

Answer: 39.37231584 inches, nearly.

22 333 355

Shew that —, - and -
(9) Shew 7° 106 2™ 118
tions to the known numerical value of the circumference
of a circle whose diameter is 1, and point out which is

the nearest.

are approxima-

THE PRACTICE OF SUPERFICIAL MEASURE.

(1) Parallelogram. The arca is equal to the pro-
duct of the base and the altitude.

(2) Triangle. The area is equal to half the product
of the base and the altitude.

(3) Triangle. From half the sum of the three sides,
subtract cach side separately: multiply together the
half-sum and the three remainders, and the square root
of the product will be equal to the area.
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(4) Trapezium. The area is equal to half the pro-
duct of either diagonal and the sum of the perpen-
diculars let fall upon it from the opposite angles.

(5) Circle. 'The area is equal to the square of the
radius multiplied by 8.14159, nearly.

(6) Sector. The area is equal to half the product
of the radius and the subtending arc.

(7) Ellipse. The area is equal to the product of the
semi-axes multiplied by 3.14159, nearly.

(8) Cylinder. The convex surface is equal to the
product of the circumference of the base and the alti-
tude.

(9) Right Cone. The convex surface is equal to the
product of the circumference of the base and halt the
slant height.

(10) Sphere. The couvex surface is equal to four
times the arca of a circle of the samne radius,

(11)  Spherical Segment.  The convex surface is
equal to the product of the circumference of a circle of
the sanic radius and the altitude.

(12) Hence, the Arcas of similar figures are as the
squares of their homologous lineal dimensions.

Ex. 1. Find the area of a triangle whose sides are
18, 24 and 50 poles.

Here, we have according to the directions above,
half the sum of the three sides= } (18 + 24+ 30) =306:

alto, 36-18 ~18
36 — 24 = 12, are the three remainders:
36-30= 6
whence, the area=,/36 x 18 x 12 x 6 = /46656 = 216
square poles.
Ex. 2. If the radius of a circle be 2 feet, find the
side of the square whose areca shall be equal to it.
The area of the circle = 4 x 3.14159 = 12.56636 square
feet, nearly : whence, by Article (207), the side of the
required sqiare = ,/12.50636 = 3.545 feet, nearly.
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Ezamples for Praclice.
(1) If the sides of a triangle be 16.6, 18.32 and 28.6:
find its area.
Answer: 143, nearly.
(2) If the diagonal of a trapezium be 498 yards

aud the perpendiculars let fall upon it from the oppo-
site angles be 10.8 and 18.8 yards: what is its area? .

Answer: 7370.4 yards.

(3) Each side of a hexagon is 24 feet and the per-
pendicular upon each side from a certain point within it
is 12 /3 feet: find its area.

Answer: 864 ,/3 feet.

(4) Find the sides of the squarcs whose areas are
4970.25 square inches and 885, square feet.

Aunswers:  70.5 inches and 293 feet.

(5) How much must be cut off from a rectangular
surface 2} feet broad to make a square yard?
Answer: 4 feet,

(6) If two acres of land be laid out in the form
of a circle, what is its radius?

Answer: 55} yards, nearly.

(7) Find the radius of a circle whose area is equal
to that of a square whose side is 5.317 yards.

Answer: 3 yards, nearly.
(8) The semiaxes of an ellipse are 25 and 49: find
the radius of a circle of cqual area,
Answer: 35.

(9) The base of a triangle is 14.1 yards and its area
is 64.80 yards: find its height.

Answer: 9.2 yards.

(10) The side of an equilateral triangle is G: find
its area.
. Answer: 15.588, nearly.
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(11) The two equal sides of an isosceles triangle are
12 fect and the base is 8 feet; required its area.
Answer: 45.2548 feet, nearly.
(12) Compare the area of a circle with the area of
the square inscribed in it.
Answer: 3.14159 : 2, nearly.
(13) What is the relation between the area of a
square and that of the circle inscribed in it?
Answer: 4 : 3.14150, nearly.
(14) Required the arca of the sector of a circle
whose arc and radius are each 2.57 inches.
Answer: 3.30245 inches.
(15) The radii of two concentric circles are 10 and
12 yards: find the space included between them.
Answer: 138.22996 yards, nearly.
(16) Prove that the convex surface of a right cone
is found by multiplying together the circumference of
its base and half its slant height.

THE PRACTICE OF SOLID MEASURL.

(1) Parallelepiped. The content is equal to the area
of the base multiplied by the altitude.

(2) Prism and Cylinder. The content is equal to
the area of the base multiplied by the altitude.

(8) Pyramid and Cone. The content is equal to
the area of the base multiplied by one third of the alti-
tude. i

(4) Splhere or Globe. The content is equal to the
cube of the radius multiplied by 4.18879, nearly.

(5) Ilence, the Conlents of similar solid bodies are
as the cubes of their homologous lineal dimensions,

Ex. 1. Required the depth of a parallelepiped 29%
long and 44} broad, so that its content shall be equal
to that of a cube whose edge is 89.

Here, the arca of the base of the parallelepiped
89 x 89 _ 89°

vATx M= 0 =G
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whence, the depth of the parallelepiped
=89°+ > = = = 534.
89 6 8g° 89 x 6=53

Ex. 2. The content of a cylinder is equal to the sum
of the contents of a cone and hemisphere having the
same base and altitude.

Taking 1 to represent the radius of the hemisphere,
we shall have immediately from the directions con-
tained in the last page:

the content of the hemisphere = 2.09439, nearly:

the content of the cone =1.04719, nearly:
the content of the cylinder = 5.14159, nearly:
whence, we find the sum of the iwo former

= 3.14158 nearly, which is the last very nearly:

and this would have been an czact equality were it not
for the circumstance of eaclk of the contents being only
an approximation to its true value.

Ezamples for Praclice.

(1) Each edge of the base of a square prism is 34
inches and its height is 123 feet: find its content.
Answer: 99 feet, 1172 in.

2) What weight of water will a cistern contain, the
length being 4 ft., the breadth 2ft. Gin. and the depth
8 ft. 3in. when a cubic foot of water weighs 1000 ounces?

Answer: 32500 ounces.

(3) A rectangular cistern whose length is 93 feet and
breadth is 6 feet contains 294} cubic feet : find its depth.

Answer: 57 feet.

(4) What length of a cylindrical stone roller 18
inches in diameter, must be taken to make 14.137155
solid feet?

Answer: 2 feet.

(5) The sides of the base of a triangular pyramid
are 3, 4 and 5 feet and its altitude is 6 feet: find its
solid content.

: Answer: 12 feet.
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(6) The solid content of a sphere is two thirds of
that of its circumscribed cylinder.

(7) A right cone, hemisphere and cylinder of the
same base and altitude are as the numbers 1, 2, 3.

(8) A sphere is equal to a cone whose height is
equal to the radius and whose base is equal to the
area of four great circles of the sphere.

THE COMPUTATIONS OF ARTIFICERS.

212. Der. Arlificers take the dimensions of their
work in yards, feet, inches, parts, §c.: and it is usual
to reduce the yards to feet so that the different denomi-
nations are «ll connected by the same number 12, or
decrease in a {welvefold ratio, from the place of feet
towards the right hand. For the sake of uniformity,
the denominations after feet are termed primes, seconds,
thirds, &c., distinguished respectively by accents ’, 7, ””,
&ec., placed a little to the right, contiguous to the figures
to which they belong: thus, 20 feet, 8 inches, 5 parts,
&c., is written 207, 8. 5”7 . &e.

The operation employed to compute superficial and
solid contents is that of Multiplication, conducted by
means of a wixed Decimal and Duodecimal scale of
Notation ; the figures of the fect being expressed and
multiplied in the ordinary way, whilst in the other
places the number 12 is always made use of instead of
10. The denomination on the left hand of the multi-
plier is used first, those of the mnltiplicand being taken
as in other cases; then the next in order, and so on: and
for the reason that we put the first figure of a partial pro-
duct one place to the left of that of the preceding one
when we begin with the leust denomination of the mul-
tiplier, the terms of the product here must cach be put
one place to the right of those of the preceding, in order
to possess their proper relative values : and the addition
is effected by beginning with the lowest denomination, as
in compound quantities.

From the circumstance above mentioned, the process
is sometimes called Cross Multiplication ; and it is also
frequently termed Duodecimal Multiplication or Duodeci-
mals : but® these latter names are evidently misapplied,
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because the different digits of the various denominations
are not connected with cach other by the number 12
though the denominations themselves are. The prac-
tical applications of the rule will be best taught by
examples.

Ex. 1. Find the area of a rectangular parallelogram
whose adjacent sides are 5ft. 3in. and 4ft, 9in. (See
fig. p. 198.) .

Here, AB=5".3 and AD=47.¢':

yvhence, the arex = 5. 8’ x 4/. ¢': and the multiplication
is effected in the following form :

5. 3 . =length:
. 9 = breadth:

e1. 0 '=product by 4:
3.11. 3 =product by 9'=151:

247, 11 . 8”=area:

and precisely as in a product in the common scale of
notation, the denomination of 11’ is a {welflh part of a
square foot, which is called a superficial prime: that of 8”
is a (welfih part of a superficial prime, termed a super-
Seial sccond : and so on, if there were more terms: so
that the area expressed in square feet is

11 3 135

R+ —+- . =24+

U127 14 144 =24 sq. feet 135 sq. inches.

This result may easily be verified by either Vulgar
Fractions or Decimals : thus,

ot
—d
el
«
S
R=}

~

by Vulgar Fractions, the area=5}x4{= ik T = —l—
= 2413 = 24!% 5q. feet, as above:
by Decimals, the area = 5.25 x 4.75 = 24.9375
=24 sq. feet 135 sq. inches, as before.

Ex. 2. Required the area of a square whose side is

“.8:9"
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The operation here requisite will be the following:
7,1‘ . 8. 91/
7.8. 9

54.1. 3
5.1.10.0

5. 9.6.9
R %

or, the area is 50 feet, 8 primes, 10 seconds, ( thirds
and 9 fourths, all supcrficial measure: and expressed
in square feet, it will be

8 10 6 9 15345 1705
BY 4 o b b = 5 o i
9+ 12t 131" Tres T 50756~ %9 20736 = *Y 2504
square feet: and the square inches, square parts, &c.,
might be found by the ordinary reductions.

Ex. 3. Find the content of a rectangular parallele-
piped whose lineal dimensions are 5ft. 6in., 4ft. 5in. and
sft. 4in. (See fig. p. 202.)

Here, AB=5ft. 6in.,, AC=4ft.5in., AD = 3ft. 4in.:
and we have the fcllowing operation :

N

(415} 0
2. 3.0
24 . 8.6
3. 4

72 .10 . 6
8.1.2.0

R 2
or, the content is 80 solid feet, 11 solid.primes and 8 solid
seconds, which expressed in solid feet is

11 8 140 1680
80 + 35+ 722 =89 144 =80 1708

— 80 solid feet 1680 solid inches.
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Ex. 4. Required the capacity of a cube the length
of whose edge is 2 feet 9 inches.
The capacity =27.9' x 2.9’ x 2. 0'=7.6'. 9" x¢/. ¢
9 6 9 1377 .
=20.9.6".9" = R = L
07.9'.6".9 20+12+ l4-4-+—]728 201728 cubic

feet =20 cubic feet 1377 cubic inches ; and it may easily
be verified by vulgar fractions or decimals.

213. The method of computation just explained is
exceedingly simple and well adapted to the use of Work-
men. The reverse operations of' division and evolution
are not often required by them, and though they might
be conducted on the same plan, it will be much easier
to express the quantities _fractionally or decimally, and
then to proceed according to the ordinary methods.

The Prices of Artificers’ work, being at so much per
foot, yard, &c., may be calculated by the Rule of Pro-
portion or by the IRules of Practice.

Ezamples for Practice.
(1) Multiply 14ft. 6in. by I12ft, 7in. .
Answer: 18%. 5. 6" =182 sq. ft.” 66 sq. in.
(2) Multiply 25ft. 7in. by 7ft. 10in.
Answgr: 200" 4. 10” =200 sq. ft. 58 sq. in.
(3) Multiply 16ft. 5in. by 12ft. 11in.
Answer: 212, 7”7 =212 sq. ft. 7 sq. in.
(4) Multiply 11. 11’ by £, 3" 4.
Answer: 27. 1. 8", 8"
(5) Multiply ¢'. 4. 7”7 by 5. 6. 4".
Answer: 517 10 4”. 0", 4™,
(6) Multiply 17, 8'. 4" by 19% 5'. 11"
Answer: 336" 9'. 6”. 8. 8"".
(7) Multiply 10" 3”. 4 by 5. 0”. G”.
Answer: 4. 3". 9", gV, 8",
.
(8) Multiply 18" 2. 6” by 1’. 9”. 10",
. Answer: 2. 4. 7",
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(9) Find the square yards, &c., in a plane rectangular
surface 15ft. 5in. long and 9ft. 10in. broad.

Answer: 10yds. 7fl. 86in.

(10) How many squares of 100 feet are contained in
a floor 19yds. 3in. long and 9yds. 1ft. Gin. broad ?

Answer: 16sq. 31ft. Y0in.

(11) Find the cost of a slab 5ft. 7in. long and 3ft.
8iil, broad, at 3s. per square foot.

Answer: £3. 1s. 5d.

(12) Required the price of the carpet of a room
18ft. 6Gin. long and 14ft. Sin. broad, at 5s. per squarce
yard.

Answer : £L7. Gs. 51d.

(13) What is the value of a piece of building ground

34ft. Yin. by 206ft. 4in., at 1s. per square foot ?
Answer: £15. 15s. 1d.

(14) llow many square fect of paper will cover the
walls of a room which is 20ft. 10in. long, 16ft. broad and
10ft. 9in. high ?

Amswer : 791 sq. ft. 132 sq. in.

(15) Find the whole surface of a room 22ft. 5in.
long, 18ft. 4in. broad and 11ft. 8in, high.

Aunswer: 1772 sq. ft. 112 sq. th.

(16) Tow many square rods of 272!} feet, are there
in a rectangular picce of bricklayer’s work whose dimen-
sions are 15t. and 68ft. 9" ?

Answer: 33 sq. rods.

(17) Find the area of a triangle whose three sides

are 2ft. 3in., $ft. and 3ft. 9in.
Answer: 3 sq. ft. 54 sq. in.
(18) Determine the volume of a cube whose edge is

Sft. 10in. in length.
Answer: 50 solid ft. 568 solid in.

(19) Find the capacity of a rectangular cistern whose
dimensions are 4ft. 6in., 5ft. 7in. and 6ft. 8in.
s Answer: 1671 cubic feet.
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(20) The area of the base of a parallelepiped is
124ft. 28in.’and its altitude is 8ft. 4in.: find its content
in feet and inches.
Answer : 1034ft. 1648in.

(21) A parallelepiped contains 94ft. 235in. and the
area of its base is 24ft. 5in.: find its altitude.

Answer: 3ft. 11in.

(22) Find the numbers of feet and inches in the side
of & square whose area is 1122ft. 36in.
Answer: 33ft. Gin,

(23) TFind the edge of a cube which contains 15 solid
feet and 1080 solid inches.

Answer: 2ft. Gin.

(24) The area of one side of a cube is 12’, 3’; find
its capacity.
Answer : 42 cubie ft. 1512 cubic in.

(25) Divide 1532 9. 9”. superficial measure by
8V. ¢’ lineal measure.
Answer: 18ft. Oin.

(26) How much in length that is 1ft. 2in. broad and
1}in. thick, will make a solid foot ?
Answer : (ft. 10fin.

(27) A gardencr has a piece of matting 73yds. 1f. 8in.
long and 3ft. 9in. broad, to cover a wall 94t. long and
10ft. high: how much of the wall will be left un-
covered ?

Answer : 1121ft.

(28) On laying down a plot of ground with sods
2ft. 6in. long and 9in. wide, it is found that it requires
75 sods to form one strip extending its whole length, and
that a man can lay down 1} strips each day: find the
surface covered in 8 days.

Answer: 14061t.

(29) The roller .used fow a bowling-green being
6ft. 6in. in circumference and 2ft, 3in. in width, is
obseryed to make 12 revolutions from one extremity of"
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the green to the other: find the area rolled, when the
roller has passed 10 times the length of it.

Answer: 195yds.

(30) A reservoir is 24ft. 8in. long and 12ft. gin.
wide : how many cubic feet of water must be drawn off
to make the surface sink 1 foot?

Answer: 3144ft.

"(81) Ifacubical block of stone contain 14706ft. 216in.:
find the length of all its edges, and the area of all its

faces.
Answers: 204ft. and 3601 }ft.

THE COMPUTATIONS OF GAGERS.

214. Der. The dimensions made use of by Gagers
are taken in inches and parts of an inch expressed deci-
mally : and from them, the contents of cisterns, malt-bins,
&c., are computed by such rules as have been already
laid down, and they will therefore be expressed in cubic
inches and their decimal parts.

215. Liquids are always estimated by the imperial
Gallon which is equal to 277.274 cubic inches : and there-
fore, when the content of a vesscl has been ascertained in
cubic inches, the number of gallons it contains will be
found by dividing it by 277.274.

Ex. What number of gallons are contained in a cis-
tern whose length is 40 inches, breadth 24 inches and
depth 16 inches?

Here, the content = 40 x 24 x 16 = 15360 cubic inches:

15360
277.274
= 55.3964 &c. gals. = 55gals. 1qt. 1pt., nearly.

216. Malt, Corn, &c., are always estimated by the
imperial Bushel consisting of 2218.192 cubic inches; and
the number of bushels will be obtained by dividing the
content, ascertained as before, by 2218 192.

Ex. If a circular room 5 feet in radius, be filled
with malt to the depth of 6 inches: find the number of
bushels it contains. -

Here, the content =38.14159 x 60* x 6

=07858.344 cubic inches: ‘

whence, the number of gallons =
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67858 344
2218.192

= 30.5917 &c. bush. = 30 bush. 2} pks., nearly.
Whenever the depth is an inch, the content of any

upright vessel or cistern is expressed by the area of its
surface: and in this sense the term surface is used in

gaging.

and’'the number of bushels =

Ezamples for Practice.

(1) How many gallons are contained in a cubic foot?
Answer: 6.232 gallons, nearly. '
(2) The length of a cistern is 169 inches and the

breadth is 125 inches : how many gallons does it contain,
the liquor being 4 inches deep?

Answer: 504.752 gallons, nearly.

(8) If the interior edge of a cubical vessel be 1ft.

3in., how many imperial gallons will it hold ?
Answer: 12.172 gallons, nearly.

(4) What is the content of a cylindrical vessel, the

radius of whose base is 20 inches and height 54 inches ?
Answer : 244.733 gallons, nearly.

(5) What number of bushels are contained in the
space of a cubic yard?

Answer: 21.033 bushels, nearly.

(6) How many bushels of malt are there on a floor
5} feet by 4 feet, when its depth is 14 inches?

Answer: 20 bushels, nearly.

(7) If the exterior dimensions of a closed rectangular
bin be 3ft. 5in., 2ft. 4in. and 1ft. 3in., find the quantity
of malt it will contain, if the thickness of the material
of the bin be 1in.

Answer: 6.816 bushels, nearly.

(8) The diameter of the base of a standard bushel

measure is 18.789 inches: find its height.
Answer: 8 inches, nearly.

The practical calculations of Excisemen are greatly
facilitated by means of an instrument called a Siding |
Rule and by Tables containing the proper multipliers

H A 10
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and divisors for Squares, Circles, &c., which may be seen
in any work treating expressly upon the subject.

THE COMPUTATIONS OF LAND-SURVEYORS.

218. Dgr. The dimensions of land or of any sur-
face of considerable extent, are taken by means of Gunter’'s
Chain which is 4 poles or 22 yards in length and is divided
inio 100 equal parts called Links.

2]9. Since an acre is equal to a parallelogram, 46
poles or 10 chains in length and 4 poles or 1 chain in
breadth, it will contain 1000 x 100 = 100000 square links ;
and therefore, if the lineal dimensions be expressed in
links and the superficial contents be found, these results
when divided by 100000 or with five figures cut off
towards the right hand, will be the numbers of acres.

A lineal pole being 51 yards or 25 links, the magni-
tude of a square pole will be

54 x 53 =30} sq. yards ; or, 25 x 25 =(25 sq. links:
so that a pole = 625 sq. links or = 30.25sq. yds.:
a rood = 25000 sq. links or = 1210 ¢q. yds.:
an acre = 100000 sq. links or =4840 sq. yds.
Hence also, the magnitude of a square mile
= 1760 x 1760 = 3097600 sq. yds. = 640 acres.

Ex. The length of a rectangular field being 25
chains 8 links and its breadth 14 chains 75 links: what
number of acres does it contain ?

Here, 25 chains 8 links =2 5 0 8 links,

14 ...75 ...=1475 ...,

12540
17556
10032
2508
acres 36.99300
4
roods 3.97200
* 40

poles 38.88000
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and therefore the field comprises 36 ac. 3 ro. 38% po.
Hence also, if the length of a field containing 36 ac.
3ro. 383 po. be 25 chains 8 links, its breadth will be
found by reversing the operation upon these magnitudes
when expressed in links: thus,
3690300

the breadth =~ .-~ = 1475 links = 14 chains 75 links.
2508 .

Ezamples for Practice. *

(1) Find the area of a square field whose side is
104 chains.
Answer: 1] ac. 4 po.

(2) The base of a triangular field is 16 chains 8
poles and its perpendicular is 6 chains 2 poles: what
number of acres does it contain?

Answer: 5ac. 1ro. 81 po.

(3) The sides of a triangular field are 380, 420 and
765 yards : how nany acres are contained in it?

Answer: 9ac. 38 po., nearly.

(4) The diagonal of a trapezium is 5} chains and
the perpendicalars upon it from the opposite angles are
3 and 2} chains: find its area.

Answer: 1lac. 1ro. 81 po.

5) A field in the form of an ellipse has its greatest
and least diameters equal to 7 and 5 chains: find how
many acres there are in each of the parts into which
they divide it.

Answer: 2ro. 30po., nearly.

(6) One acre of land is to be cut from a rect-
angular field whose breadth is 2 chains 50 links, by a
line parallel to it : find the length of the plot.

Answer: 4 chains.

(7) What is the length of the side of a square field
comprising 2 acres 4 poles?
Answer: 44 chains.

10—2
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(8) The base of a triangular field is 11.313708
chains: find the length of the line parallel to the base,
which divides it into two equal parts,

Answer: 8 chains.

(9) A square field contains 40 acres: determine the
number of chains in its circuit. Find the arca of a
field of the same circuit, whose breadth is 3ths of its
length,

Angwers: 80ch. and 83ac. 2ro. 16po.

(10) A foot-path of uniform breadth around a circu-
lar field contains as much as gths of the field: compare
the breadth of the path with the radius of the field.

Answer: 1 : 4.

IMPERIAL WEIGHTS AND MEASURES.

220. The Weights and Measures made use of in this
Kingdom having from length of time become subject to
certain irregularities, in addition to the want of uni-
formity which generally prevailed in thein, and the Stand-
ard Weights and Measures being at best but vaguely
defined, the subject was at length laid before a Board of
Commissioners : and, m accordance with a report fur-
nished by them, An Act of Parliament which came into
operation on the first of January 1826 was passed, esta-
b?ishing an uniform System of Jmperial Weights and
Measures, the leading features of which we shall now
endeavour to place before the reader.

221. DEr. The Standard of Lineal Measure is arod
or beam whose length is called a yard which is equivalent
to 3 feet or 30 inckes: and the Standard Square and Cubic
Measures will therefore depend entirely upon it, as has
been seen in the preceding pages.

At present we have no means of ascertaining why this
particular length was originally fixed upon; but as it is
most essential that it should always remain the same, it
will be found convenient to refer if to something clse
which we have no reason to suppose ever undergoes any
change.

Now the length of a Pendulum vibrating scconds or

* performing 86400 oscillations in the interval between
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the Sun’s leaving the meridian of a place and returning
to it again, is always the same at a_fized place and under
the same circumstances: and if this length be divided into
801392 equal parts, the yard is defined to be 360000
of these parts: also, conversely, since a yard is equal to
36 inches, it follows that the length of the seconds’ pen-
dulum expressed in inches is 89.1392.

The pendulum referred to in this country is one
vibrating seconds at Greenwich or in London at the level
of the sea in a mon-resisting medium: and should the
standard yard at any time be lost, it would be easy to
have recourse to experiment for its recovery.

The standard yard being the general Unit of lineal
measure, it follows that all lengths less than a yard will be
expressed by fractions : and it is on this account that a
lincal Inch or ilen thousand of the aforesaid portions
of the pendulum is conveniently adopted as the unit of
lineal measure when applied to small magnitudes.

Hence also, the standard superficial and solid mea~
surcs will be accurately ascertained and kept correct.

222. Der. The Imperial Gallonis the standard unit
of the measure of capacity and is defined to be 277.274
cubic inches, the liuea{)inch being that above determined.
The gallon and its multiples and parts are used to mea-
sure liquids, as Water, Spirits, &c., and dry goods, ax
Malt, Corn, &e., and the system is termed The Imperial
Ligquid and Dry Measure. )
The Imperial Bushel consisting of eight gallons will
consequently be 2218.192 cubic inches, and the form of
the measure is defined by Act of Parliament : it is to be
an upright cylinder whose internal diameter is 18.789
inches and depth 8 inches : but this can be of no import-
ance when keaped measures are abolished.
The Act of Parliament directs that the Heaped I'm-
rial Bushel shall be an upright cylinder whose ({;ameter
1s not less than imiee its depth, and that the height of the
conical heap shall be at least three fourths of the depth,
the boundary of its base being the outside of the measure:
also, in heaped measure it is ordered that i

8 Bushels make 1 Sack,
12 Sacks............ 1 Chaldron :
and the bushel is to be equal to 2815.4887 cubic inches.
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223. Dxr. The Imperial Pound Avoirdupois, which
is the standard unit by means of which all heavy goods of
large masses are weighed is defined to be the weight of
one lenth part of an imperial gallon or of 27.7274 cubic
inches of distilled water, ascertained at a time when the
barometer stands at 30° and the height of Fahrenheil’s
thermometer is 62°.

If the weight of a cubic inch of distilled water be
divided into 505 equal parts and each of such parts be
defined to be a Half* Grain, it follows that 27.7274 cubic
inches contain very nearly 7000 such grains; and it is
declared by Act of Parliament that 7000 Grains exactly
shall be considered as the Pound Avoirdupois, so that ac-
cording to the Z'able, 10z. = 437 grs. and 1dr, = 27}grs.

A cubic foot of pure malcr, at a temperature 60°
weighs very nearly 1000 ounces; and for practical pur-
poses, this fact should be remembered.

This weight receives its name from Avoirs the ancient
name for govds or chatlels and Poids signifying meight,
in the language of the country at the time of the Normans.

224. Dxer. The Imperial Pound Troy is defined to be
5760 grains determined as in the last Article: and this
weight, we are told in the “Report of the Commissioners
of Weights and Measures,” is retained, because all the
Coinage has been uniformly regulated by it and all
Medical Drescriptions or Formule: now are and always
have been estimated by Troy Weight, under a peculiar
subdivision which the College of Physicians arc most
anxious to preserve.

It is also stated that there are reasons to believe that
the word T'roy has been derived from the Monkish name
of Tray-novant, given to London, founded on the Legend
of Brute, which is mentioned by some of the old English
writers, The story avers that Brule a lineal descendant
of Zneas about the year of the world 2855 founded the
eity of London, then called T'rinovantum, which was
afterwards corrupted into Trenovant or Troy-novant.

225. Hence, 1lb. avoirdupois : 1lb. troy :: 7000 :

5760, or as 179 : 144 ; thus, 11b. avoirdupois-—-%zjilbs.

JRT-ett
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164y,
avoirdupois = 130z. 2}jidrs.: and the sub-divisions of each

pound are easily compared.

226. DEr. The Unit of Angular Measure is called
a Degree and is written or marked 1°: thus,

P 1\1- '

troy = 140z. 11dwts. 16grs. troy, and 1lb. troy =

D B

P P
()

if the right angle BAC be supposed to be divided into
90 equal parts, each of them is called a degree and is
considered to be the angular unit: and if the angle BAP
be equal to any assigned number of such parts, as for,
instance 45, this angle will be 45° on the same scale that
the right angle BAC is 90°: and thus the magnitudes of
two or more angles may be compared.

If with the angular point 4 as a centre and any as-
sumed radius A5, a circle be described and the diameters
BAD, CAE be drawn at right angles to each other, di-
viding the circumference into four equal parts, BC, CD,
DE, EB called Quadrants ; then by Euclid vi. 33, the
arcs BC, BP have the same ratio to each other as the
angles BAC, BAP which they respectively subtend;
and it is on this principle that a quadrantal arc is
said to contain 90 degrees and therefore the whole cir-
cumference to be equal to 360 degrees; and although
an angle and an arc being keterogeneous magnitudes
cannot have the same unit of measure, it is clear that the
division of the right angle mto 90 equal portions of
angular measure will correspond to the division of the
quadrantal arc into 90 equal portions of lineal measure.

Thus, an angle and its subtending arc being pro-
portional to each other will be connected by an in-
variable factor when the radius is given, so that either of
them being known, the otker may be ascertained. -
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That is, if the radins of the circle be the lineal unit,
the circumference = (.28318, nearly, by Article (211):

and therefore the quadrantal arc = 1.57079, nearly:
whence, we have : BAC : 2 BAP :: arc BC : arc'BP,

. arc BP
or, c BAP=: BAC x are BC

90°
1.57079
= 57°.2957795 x arc BP, nearly :

and therefore the magnitude of the - BAP is found by
mu]tiplying 572057795 by the number of lineal units
contained in the corresponding arc:

also, 57°.2957795=57°. 17" . 44” . 48", nearly,
must consequently be regarded as the unit of angular mea-
sure in all cases where an angle is to be determined by
means of the number of lineal units in its are, or, which
is the same thing, by the number of radii to which its
arc is considered equivalent.

x are BP, nearly,

THE CALENDAR.

227. Drr. The interval of time between two pas-
sages of the Sun across the meridian of any place when
taken at its mean magnitude, is termed a Day or a Mean
Solar Day, which is supposed to be divided into 24 equal
portions called Mean Solar IHours. It appears from
the observations and calculations of Astronomers that
the time between the Sun’s leaving a fixed point in his
path called the Ecliptic and returning to it again, con-
sists of 365.242264 such days or of 365 days, 5 hours,
48 minutes, 512 seconds, very nearly, which is therefore
termed a Solar Year: and thus the solar year, as here
defined, does not consist of an exact number of solar
days but is always expressed in days by a fractional
quantity.

For the purposes of civil life it would be exceedingly
inconvenient that one yvear should commence at one time
of the day and another at a different time: and this cir-
cumstance gave rise to the invention of the Civil Year
which the next three Articles will explain, o
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228. When the Science of Astronomy was much less
perfect than it is at present, the length of the solar year
was much less accurately known; and accordingly we
find that in the time of Julius Casar it was supposed to
consist of 365 days 6 hours, or of 3651 days, exactly. On
this supposition, it is evident that it out of four years in
succession, any three consisted of 865 days each and the
remaining one of 366 days, the Sun would have returned
at the end of these four years to the place in the ecliptic
which it occupied at their commencement.

The scheme was called the Julian Calendar ; and if
the hypothesis had been correct it would have been
attended with much convenience : the additional day was
made by repeating the Sizth of the Calends of March in
the Roman Calendar, which corresponds with the 24th
of February in ours: also, the year in which it was in-
serted was termed DBissexlile and the additional day was
called Intercalary.

This regulation applied to the years of the Christian
«Era, was so managed that whenever the number of
years was divisible by 4, the corresponding year consisted
of 366 days and was called Leap-ycar, the month of
February having 29 days in that year and in each of the
remaining three years 28 days, without interfering at all
with their order.

Hence also, the remainder after the division of any
other number of years by 4, was the number of years
since a leap year occurred up to that year: thus, in the
year 1849 this remainder is 1; and accordingly it is 1
year since the last leap year happened and it is 3 years
before the next will occur, according to this scheme.

229. Since the true solar year is 3(5.242264 days,
and not 365.25 days, it is evident that the reckoning
of time according to the Julian Calendar would place
the end of the year qffer the time when the Sun had
returned to the point of the ecliptic occupied by it at the
beginning of the year and consequently in advance of the
course of the seasons :

but, the error in one year is
865.25 — 865.242264 =.007736 of a day :

whence, by finding how often this is containedi in 1 day,
0—s5
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1
.007736
will be the number of years in which the error amounts
to 1 day: also, by the rulc of proportion, we have
120.2657 yrs. : 400yrs. :: 1day : 3.0944days, nearly :

and therefore 3.0944days or 3days, 2hours, 16 minutes,
is very nearly the error which would accumulate in
400 years.

= 129.2657, nearly,

Now, according to the Julian Calendar 400 years
would comprise 100 leap years; and since we find that
this reckoning falls nearly 3 days after the true time,
if there were only 97 leap years in 400 years, the Julian
year would very nearly agree with the true solar year;

. and it is accordingly ordained that whenever the num-
bers expressing the Centuries, as 16, 17, 18, 19, &c.,
denoting 1600, 1700, 1800, 1900, &c., are no! divisible
by 4, the corresponding year shall zof be a leap year,

. although according to the Julian Computation it would:
as, 1600 would be a leap year, but 1700, 1800, 1900,
would not.

The Calendar thus corrected, though not absolutely
accurate, is well adapted to every practical purpose, as
the error in 5000 ycars will not amount to much more
than twenty-eight hours. This correction was first pro-
mulgated in Europe by Pope Gregory in the year 1582,
: and the calendar has since been called the Gregorian
" Calendur, but it was not introduced into Prolestant Coun-
. iries till a much later period. In England it was adopted
' on the second day of September 1752 when the error
. amounted to 11 days: and it is called the New Style to

distinguish it from the Julian Calendar which is now

termed the Old Style.

Had the old style continued, the error would now
have been 12 days, because 1800 would according to it
have been a leap year which in the new it was not: and

" thus, we have in Almanacks, Old Christmas-day, Old
Midsummer-day, &c., taking place tmelve days after the
times in which they are fixed by our present system.

Though all, the calculations of modern times are
conducted according to the new style, a knowledge,of

e
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the difference of the two styles is not without its use
both in the Perusal of old Documents, and in the Astro-
nomical PVerification of Historical Facts which could not
be performed without it

230. The civil year thus fixed and determined is
then subdivided into twelve Calendar Months, as de-
scribed in the Table. The word Month however is
used in differcnt senses: sometimes to denote a iwelfth
part of the year or 3084 days; sometimes as equivalent
to 4 weeks or 28 days: and accordingly a year is equi-
valent to 13 months and I day, or, to 52 weeksand 1 day,
with the addition of another day when it happens to be
leap year.

FRENCH IMPERIAI. MEASURES, &c.

231. In consequence of the irregularity in the mea-~
sures and multiples of all the units just mentioned, it is
evident that the calculation of measures and weights will
be much less simple, particularly to Forcigners, than if
they-were connected by some common factor ; and it was
with the view of obviating this inconvenience, that a
New System of measures and weights has been adopted
in France.

232. In this system, the length of the Terrestrial
Arc from the Equator to the Pole in the Meridian of
Paris is taken as the General Standard ; and the follow-
ing Synopsis of Frenck Measures exhibits them as com~
pared with the standards of this country.

Lineal Measure,

03937 English Lineal Inches:
39370 . . . . . . ..
39370 . . . . . . . .
Metre . . . 30370 . . . . . . .
Decametre . . 89370 . . . . . . . .
Hectometre. .= 89870 . . . . . . . .
Kilometre . . 89370 . . . . . . . .
Myriometre. .= 393700 . . . . . . . .

Millimetre .
Centimetre . .
Decimetre . .
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Superficial Measure.
Are . . . . =119.5991 English Superficial Yards:
Decare . . .=1195991 . . . . . . . . .
Hectare . . .=1195991 . . . . . . . .
Solid Measure.
Decistere . 3.5315 English Solid Feet:

Stere . . .=85315 . . . . . . .
Decastere . . = 353.15 .

Measure of Capacily.
Millilitre . . = .06102 English Cubic Inches:
Centilitre . .= .61024 . . . . . . . .
Decilitre . .= 61024 . . . . . . .

Litre . . = 61.024 . . . . . . . .
Decalitre . .= 61024 . . . . . . . .
Hectolitre . . = 6102.4 . .

. Kilolitre . .= 61024
> Myriolitre . . = 610238

Here, the Mcire or one ten millionth part of the Ter-
restrial Arc is the Element of lineal measure ; the Arc or
Square Decamelre, that of superficial measure ; the Stere

or Solid Melre, that of solid measure, and the Litre or
Cubic Decimetre, that of the measure of capacity.

233. The weights in this system expressed in Eng-
lish grains, are

Milligramme . . = .015452. . English Grains:

Centigramme. 154326 . .

Decigramme . .= 1.54326. . . . . . . .

Gramme . . . 154326, . . . . . .

Decagramme . 154826. .. . . . .

Hectogramme 154326. . . , . . .

Kilogramme . .= 154326. . . . . . .

Myriogramme . = 154326 .

1l

Here the Gramme is the Element, being the weight
of g cubic Centdnctre of distilled water.
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234. The angular Measures in the same system
expressed in English Degrees are as follow:

Second . . . 00009 English degrees:

Minute . . .= .009 . . . . . .

Grade . . .= .9

Here, 100 Grades are consequently equivalent to 90
Degrees in the English scale: and in the inferior deno-
minations, the Ceniesimal scale is uniformly used by
the French where the English proceed according to the
Sezagesimal scale.

235. The unit of value in France is a silver coin

called a Franc consisting of jths of pure silver and ~th
of alloy: and its subdivisions are as follow:

10 Centimes = 1 Decime:
10 Decimes =1 Franc.

The value of an English pound sterling is equivalent
to that of 25.2 francs, very nearly: and thus, the value ,
of a franc expressed in English money is

240
58 =0.5238d., or 9}d:, very nearly.

236. Whercver this system is used, the Theory of
Decimals as laid down in the fifth Chapter will be suffi-
cient for performing all the fundamental operations of
Arithmetic, entirely superseding what has been done in
the second Chapter of this work.

The Student who may be desiwous of prosecuting his
inquiries in this important subject is referred to the
Articles, Weights and Measures in BArLow’s Mathema-
tical and Philosophical Dictionary, and to the last edition
of Dr. KeLLY's Universal Camlnst.

PROBLEMS.

237. We will conclude the Application of Arithmetic
to Geometry with the consideration of a few Problems,
in the solutions of which the Principles explained in this
chapter are generally taken for granted.

(1) Iftwo persons A4 and B start at the same time
from two towns C and D distant 300 miles from each
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other: when and where will they meet, if they travel at
the respective rates of 7 and 8 miles an hour?
Since the rate or velocity of 4 is 7 miles an hour, and
the rate or velocity of B is 8 miles an hour; therefore
7+ 8 = 15 miles
is the distance by which they a{)proach each other in 1
hour, or their relative velocity : hence we have
. 15mi. : 300mi :: 1hr. : 20 hrs. ;
or, 20 hrs, is the time in which they approach 300 miles
towards ecach other and therefore meet: whence the
required time is expressed by the whole distance divided
by the sum of their velocities or rates per hour.
Also, 7 x 20 = 140 miles is the distance travelled by 4,
and 8 x 20 = 160 miles is the distance travelled by B :

and they meet at 140 and 160 miles from C and D re-
spectively.

Hence also, the distance between them after any as-
signed interval may be found.

When two motions in a straight line are in opposite
directions, the velocity of approach or the relative velo-
city is equal to the sum of the absolute velocities.

(2) 4, travelling at the rate of 12 miles an hour
starts 15 miles behind B who travels only 10 miles an
hour: find when A will overtake B and the distance
then travelled by each.

Here, the gain of ¢ upon B is 12 - 10= 2 miles in
1 hour which is their relative velocity : whence,
2mi. : 15mi. :: 1hr. : 74 hrs,

and 7}hrs. is the time in which 4 gains 15 miles upon B
and_therefore overtakes him: so that

A has travelled 12 x 74 = 90 miles,

B has travelled 10 x 7} = 75 miles:
and the difference of these distances is 15 miles which
is accordant with the enunciation of the problem.

In cases like this, the velocity of afproach or relalive
_velocity is the difference of the absolute velocities, and
the time is found by dividing the distance by it.
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The reasoning employed in these two instances is
evidently applicable to any waiform motions whether in
straight lines or curves, provided the distance be mea-
sured along the paths described.

(8) Two couriers pass through a place at an interval
of 4 hours travelling at the rates of 11} and 17} miles an
hour: how long and how far must the first travel before
he is overtaken by the second?

The relative velocity = 17} ~ 11 = 6 miles:

also, 11} x 4 = 46 miles = the distance between them,
when the second passes through the given place: whence,

as before, we have %6 = T3hrs., the time when the second

after leaving the given place overtakes the first:

and therefore the first has travelled in 11:3- hours, the dis-
tance 114 x 113 = 134} miles : and the second in 7§ hours,
the distance 17} x 7% = 134} miles.

(4) 1f252 menin 5 days of 11 hours each, can dig
a trench 210 yards long, 3 wide and 2 deep; in how
many days 9 hours long, can 24 men dig a trench of 420
yards long, 5 wide and 3 deep?

The solid content of the first trench is 210 x 3 x 2 =
1260 solid feet: and that of the second is 420 x 5 x 8 =
6300 solid feet.

Now, 252 men in 55 hours dig 1260 solid feet :

whence, 1 man in 55 hours digs 5 solid feet :
and 24 men in 55 hours dig 120 solid feet :

therefore, 24 men in 55 x 52} hours dig 6300 solid feet :

and consequently, 5—5—,;—5 % 3203 days of 9 hours each

is the time required. .

(5) If 10 men in 8 days reap a field the length of
which is 1200 feet and the breadth 800 feet ; what is the
length of a field whose breadth is 1000 feet which 12
men can reap in four days?

Here, 10 men in 3 days reap 1200 x 800 square feet :
and 1 man in 3 days reaps 120 x 800 square feet :
also, 1 man in 1 day reaps 40 x 800 square feet:
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L]
whence, 12 men in 1 day reap 480 x 800 square feet :
and 12 men in 4 days reap 1920 x 800 square feet:
but 1920 x 800 =1536000= 1536 x 1000 square feet :
“whence, it foilows that the required length is 1536 feet:

(6) If a pipe of 6 inches bore discharge a certain
quantity of fluid in 4 hours: in what time will 4 pipes
each of 3 inches bore, discharge twice that quantity ?

If 1 denote the quantity of fluid discharged by the
first pipe in 4 hours, we have 1 = quantity discharged by
itin 1 hour: but the quantities discharged by the pipes
are as the areas of their sections and therefore as the
squares of their diameters: whence,

1 : quantity discharged by one of the second set in 1 hour
T 6841
and therefore the quantity discharged by one of these

. . L1
pipes in 1 hour=

hence, the quantity by 4 such pipes in 1 hour = ;
and therefore the quantity discharged by these 4 pipes
in 8 hours = 2, or twice the quantity discharged by the
first in 4 hours: that is, 8 hours is the time required.

(7) If a beam which is 10in. wide, 8in. deep and
5ft. 6in. long, weigh Scwt. 1qr.: find the length of ano-
ther beam of the same kind, the end of which is a square
foot, which shall weigh 1 ton,

The volume of the first beamn=10 x 8 x 66 solid inches,
and that of the second beam =12 x 12 x the required
length =144« solid inches, suppose: also, the weights
are proportional to the volumes or masses, and therefore
we have

8lcwt. : 20cwt :: 10 x 8 x 66 : 144x:
20 x 1 8 x 66 . .
whence, z= 20x10 x 8 x 60 _ 88fin. = 7ft. 4in.

(8) If a ball, whose diameter is 2 inches weigh 51bs. ;
what must be the diameter of another ball of the same
substance which shall weigh 78,1251bs. ?

Since the‘weights are proportional to the wvolumes,
and therefore to the cubes of the diameters, we have.
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5lbs. : 78.1251bs. :: 2° : (the required diameter)’;
whence, (the required diameter)’ = 8 x 718125 _ 195

and the required diameter = /125 = 5 inches.

(9) A rectangular court the sides of which are 300
feet and 200 fect has a walk 20 feet wide cut off from it
on every side: compute the area of the walk and com-
pare it with that of the court.

The area of the whole court = 300 x 200 = 60000
square feet: also, since the dimensions are diminished
20 feet on eack side by the walk, the area of the re-
maining portion
= (300 — 40) x (200 — 40) = 260 x 160 = 41600 square feet :
whence, the area of the walk = 60000 — 41600 = 18400
square feet: and the walk therefore takes up

18400 184 = 46 _ 75 ths of the court.
60000 = 500 150 =75 ths of the c

(10) Multiply 2 feet 1 inch by 1 foot 2 inches: and-
explain the meaning of the terms of the result by a geo-
melrical construction.

Here by the rule of Article (212), we have

. v
1.2

2.1
4.2

Y

To explain this result geometrically, if 4B =2 feet,
Bb =1 inch, AC =1 foot, Cc =2 mcﬁes and the con-
struction be completed as below :

c I d
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we have Ab=AB+ Bb=2". 1":
Ac=AC+Cc=17. 2':
also, Ad=AD + Db+ Dc+ Dd:
but AD=AB x AC = 2 x 1= 2 square feet :
Db+Dec=1x1'+2"x 2 =1’ + 4’ = 5 superficial primes:
and Dd = Bb x Cc=1"x 2’ =2 square seconds:

that is, the entire product is 27. 5. 2” superficial mea-
. .

- sure as before found: and the diagram shews clearly
what is meant by each of the denominations of the re-
sult; namely, that a superficial prime is a foot in length
and an inch in breadth; a superficial second is an inch
in length and an inch in breadth, or a square inch: &c.

Hence, it appears that the product of {270 numbers of
feel retains their common denomination, whilst in the
Duodecimal Subdivisions the denomination of the product
of two quantities of differcnl names is ascertained by the
addition of the numbers expressing the denominations
of the quantities themselves : and this conclusion is some-
times embodied in the form of a verbal rule.



APPENDIX.

I. NOTATION AND NUMERATION.

1. It seems probable that the necessities of the human
race would at a very early period suggest some method
of counting or reckoning, as well as of registering the
results of such processes: and the instruments employed,
which in our language would be called Counters, might
at any time convey to the mind a very distinct and clear
idea of a number which did not consist of many indi-
viduals. Without entering into any historical account of
the different Systems of Notation which have been used
in different nations, or hazarding any conjectures as to
the circumstances in which they may have had their
origin, it is deemed sufficient for our present purpose to
pass on immediately to the Notation now in use, which
1s fully explained in the first chapter of this work.

2. The characters 1, 2, 3, 4, 5, 6, 7, 8, 9, O, are said
to have been transmitted to us from the Arabians, who
again are supposed to have received them from the I/in-
doos, though in forms considerably different from those
in which they are now written: and the word Digit
usually applied to them, denoting a Fingcr, seems to
point out the means originally employed in estimating
nuwerical magnitudes, the number 10, which is called
the Base or Radiz of the system, and by which the local
values of the digils are regulated, being that of the Fingers
of both hands. The Notation appears to be as complete
and convenient as can well be imagined, and in its present
state may certainly be regarded as one of the greatest
and most successful efforts of human ingenuity ever ex-
hibited to the world.

The reader who is desirous of full information upon
this subject should peruse Professor Leslie’s interesting
Werk, entitled The Philosophy of Arithmetic.
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3. In reference to what was said in Article (14), it
may be proper to observe that the method of proceeding
differs from that adopted by the Frenck and some other
Foreign Arithmeticians, who adhere throughout to divi-
sions of three figures, according to the principle of Article
(11), and after the division of Millions, proceed directly
to that of Bullions, tens of Billions, and hundreds of
Billions : then to T'rillions, tens of T'rillions, and hundreds
of Tillions, and so on: and this method certainly pos-
sesses some advantages in point of simplicity ; but as
numbers of these magnitudes are not of very frequent
occurrence, it has not been thought necessary to depart
from the Noulation and Nomenclature established in this
country.

In the following schemes it is secn how they differ.

English Nomenclature.

Iillions,

M
} Units.

r— e,
&ec. 987654 321987 654321

where each division consists of siz figures: and it may be
extended towards the left hand as far as we please.

}Bimans

French Nomenclature.

Quadrillions.
‘Trillions.
Billions,
{illions.
} Thousands,
Units.

M

&e. s;S? 654 821 987 654 5;1

each division consisting of three figures: and it is evident
that as far as hundreds of millions are concerned, there
is no difference whatever in the reading or enumerating
of numbers in the two methods.

II. ADDITION AND SUBTRACTION.

4. The idea of number implies a capability of in-
crease or decrease, the former of which is produced by
the operation Of Addition, and the latter by that of Sub-
traction : and a set of Cownters, here represented by units,
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will be of use in explaining the grounds upon which these
operations are established.

Thus, suppose we wish to add_ffve and seven together,
then we have the following parcels of counters to repre-
sent them :

1,1, 1,1,1,and 1,1, 1, 1, 1, 1, 1;
and if these be added together, or collected into one par-
cel, their sum will evidently be represented by
,1,1,1,1,1,1,1,1, 1, 1, 1,

which may again be put in the form

,1,1,1,1,1,1,1, 1,1,

1, 1;
and this shews the result to be ter together with {wo, or
twelve : that is, the sum of five and seven is twclve.

Hence, in a system of counters there is in fact no
operation to perform, as it is sufficient merely to collect
or combine the counters into one group: and there would
be no necessity for committing to memory the sum of
two numbers as in our system, except so far as the name
of that sum is concerned.

The same might manifestly be done with more and
larger numbers, and it furnishes the definition of the
operation of Addilion given in Article (21).

5. To subtract sir from nine, implying that of nine
m(hvu]uals, siz are to be taken away, we must have at
first nine counters, as

1,1,1,1,1, 1,1, 1, 1,

which may be formed into the two parcels,

1,1,1,1, 1,1, and 1, 1, 1;
and if we withdraw siz of these, or remove the jfirst
parcel, we have only three counters left, denoted by

1, 1, 1:

and thus we see that if siz be sublracted from nine, the
remainder will be three.

Here, the withdranal of the larger parcel, or the re-
moval of the former parcel, is the only process employt.d
and it necds no effort of the mird to perform it.
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The operation of Subtraction is entirely founded
vpon this process, has always a lacit reference to it, and
takes its definition from it, as is seen in Article (26).

6. The student will perceive that the performances
of these two operations is not facilitated by the modern
notation, except as to the mriting and reading of the
results. On the contrary, they are rendered considerably
more difficult, and require Rules and Directions to work
by, which have already been laid down in Articles (22
and (27): they however depend upon a system of count-
ers, owe their origin entirely to it, and may at any time
be effected by means of it.

Thus, using the arithmetical signs for the operations
of Addition and Subtraction, we have

8=1+1+1:
5=1+1+1+1+1:
whence, 8+5=(1+1+1)+(1+1+1+1+1)
=1+1+1+1+14+1+1+1
=8,

by omitting the brackets, which were introduced merely
to keep the two parceis distinct from each other, and
representing the aggregate or assemblage of units by its
proper symbol: and it 1s here shewn thut it is immaterial
in what order the numbers to be added together arc
taken.

Again, 7T=1+1+14+1+1+1+1:
sa=1+1%1+1:

whence, if from the former of these be withdrawn or
removed what is equivalen! to the latter, there will
remain 1 +1+ 1 or 8: and thus we have 7-4=8.

7. Although in the operations of Addition and Sub-
traction as treated of in the text, it* has been found con-
venient to commence at the right hand and proceed
towards the left, the use of the arithmetical signs will
enable us to perform the same operations in any order
we may chooge: thus, to find the sum and difference of
1245 and 274, we have
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1345 =1000 + 300+ 40 + 5
274 = 200+ 70 +4

=1000+ 500 +100+10+9

=1000 + (500 + 100 ) + 10+ 9

=1000 + 600 +10 +9

=1619:

also, 1345=1000+ 300+ 40+ 5

=1000+ 200+ 100 +40+5
=1000+200+ 140+ 5

274 = 200+ 70+ 4

and the differcnce=1000+ 0 + 70 +1
=1071.

From these processes, which have a close resemblance
to the method of reckoning by counters, we cannot but
see, that by a slight exercise of the mind and the memory,
much real labour is saved by means of the rules in the
text, not to mention the prolizity of operation as well as
the number of figures that would be required for larger
magnitudes than those which have been used to establish
this conclusion.

¢ III. MULTIPLICATION AND DIVISION.

8. The operation intended by the word Mulii-
plication, is defined in Article (31) of the text: and in
the first place we will shew that the conclusions which
it leads to, may be safely depended upon, as, far as the
order of the factors may influence the product.

To multiply 4 by 3, we have to repeat 4 or
1+ 1+ 1 +1, three times, and the product will be

(T+1+14D)+(A+1+1+1)+(1+1+1+1)
=14+1+4+14+14+141414+1414+1+1+1
=(1+1+1)+(1+1+1)+(1+1+1)+(1+1+1),

which is manifestly 1+1+ 1 or 3, four times repeated :
that is, three times four is the spme as four times three.
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.. By reasoning of this kind it is made to appear that

e product has a similar or symmetrical relation to both
; its factors, because it remains the same when the mul-
* tiplicand is made the multiplier, and the multiplier be-
: comes the multiplicand.

L

9. If each of the units represent a man, or other
specified individual, the process employed above is no
longer admissible, as the result becomes unintelligible,
or admits of no numerical interpretation.

That is, the multiplication of concrefe magnitudes

. as such, is altogether impossible: but whenever it is

. applied to them, they are first supposed to be divested

of their concrete character, or to be abstructed: and

when the operation has been performed upon the cor-

responding abstract magnitudes, we have only to explain
or interpret when possible, the meaning of the result.

Thus, if the factors were £7. and £8., we could
easily multiply together the abstract numbers 7 and 8,
whose product is 56 ; but the denomination of this result
as the product of £7. and £8. cannot be ascertained, and
the operation is altogether absurd.

To multiply £7. by the abstract number 8, the
correct method of proceeding will be to consider the 7
abstracted, to find the product of the numbers 7 and 8 :
and the product 56 must then be interpreted in con-
sistency with the nature of the question proposed :eand
it is seen immediately, that £7. being repeated 8 times,
amounts to £56.: so that, whilst the multiplicand may
be a concrete magnjtude, the multiplier must be an ab-
stract one, because the number of parcels of £7. each, is
in no way dependent upon the species of the indfviduals
contained in any one of them, but would remain the
same were any other species or number of individuals to
be repeated erght times. J

The same observations will be applicable when the
species of the concrete magnitudes are different ; thus,
if a person walk for 5 hours at the rate of 4 miles an
hour, we find the product of the numbers 4 and 5 to
be 20, which must, from the circumstances of the case,
be 20 miles the whole distancé travelled, and not 20

- hours, because such an iiterpretation would necessarily
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German Mothod. Part I. Scventh
cdition, 8vo. cloth . .

Part II. Second
edition, 8vo. cloth . . . . . . 012
*.* Key to ditto (both ]mrt“) 8vo. cloth . . .07
Ttalian Mecthod. Second edition, 8vo.cl. 0 12

*.* Key to ditto, by Dr. OLLENDORFF. 8vo. cloth 0 7

ERRIN’S Elements of Frcuch Conversation. New

edition, 12mo. cloth . . . . 1
Fables, French and Lnghsh New edition,

12mo. cloth . . . .0 2

French Spellmg Book. N.. cdit. 12mo, cloth 0 2
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‘WHITTAKER'S IMPROVED EDITIONS OF
PINNOCK’S History of England. Fortieth edition, 12mo.

bound roan . . .0 60
Rome. Twenty-sevemh e‘“‘wn.

12mo. bound roan . . 06
Greece. ’.I.‘went)-fourth edttum,

12mo. bound roan . .0 56
Anthmcucnl Tables. l&mu. sewed. New

edition . . . . . .0 06
Ciphering g Book. No. 1. Foolscap 4to. sewed.

New edition .

. . . . . .0
No. 2. Foolscap 4to. half-
bound. New edition . . . . . .
Key to Ciphering Books. 12mo. bound .
Child’s First Book. 18mo. sewed . . .
#—*———— Explanatory English Reader. 12mo. bound.
~——————— English Spelling Bool@ New edit. 12mo. cloth

Exercises in False Spflling.  18mo. cloth
First Spelling Book.." 18mo. cloth. .
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ESA WHITTAKER'S SELECT SCHOOL BOOKS. g
N £ sd

mnoc K’S Introduction to the Eiplinatory Enghsh
Reader. 12mo. cloth . . .0 30
Juvenile Reader. 12mo. cloth . L0 6
Mentorian Primer. 18mo. half- bound .0 06|
Elements of Latin. 18mo.cloth . . .0 16|
Latin Voecabulary. 18mo. cloth . . -0 16
(W. IL.) First Latin Grammar. Ollendorfl’s
systern.  12mo. cloth . . .0 30
Catechisms of the Arts and Sciences. 18mo.
sewed, each .0 09
PLATT’S themy and Scientific Class Book. Now and re-
°  vised edition, 12mo. bound . .0 50
PORSON’S TURIPIDES. New edition, with Notes fmm
SicBARFER and others.  8vo.cloth . .0120
%% The four Plays scparate. 8vo. boards, each. .0 36
IMSON’% Symbolical EUCLID. By Brakerock. 18mo.
cloth . . . . . . . . . .0 60
EUCLID. 18mo.roan . . . . .0 50
SOAVE’S Novelli Morali. 12mo. cloth . . . .0 40
AYLOR’S (Dr. W. C.) History of France and Normandy.
12mo. bound . 0 60
History of the Cverthrow of the Roman Em-
pire. 12mo. cloth . .0 66
TYTLLR’S Elements of Universal Hmtory, wnth con-
tinuation. 8vo. sewed . . . . . .0 46§
|
.VALPY’S GRADUS, Latin and English. New edition, :
royal 12mo. bound . .0 76
Greek Testament, for Schools. New edmon, I
12mo. bound . B .0 50
SALLUST. Now cdltmn, 12mo.cloth . .0 260
With English Nowes by Hick1e. |
12mo. cloth .0 46!
Cornelius NE]‘OS New edmon, 12mo. cloth . 0 2 €
Schrevelius’s Greek and English Lexicon. New
edition. By Dr. Major. 8vo. cloth . L0150
VENERONDI’S Italian Grammar. New cdition, 12mo. bound 0 6 0
'W'AI E'“’GAME’S Tutor’s Assista‘nt. By Fraser. New
ition, 12mo. cloth L. .0 20
*.* Key to ditto. New edltmn, ]2mo. cloth .0 30
WEBER'S Outlines of Universal History. Translated by
Dr. M. Bear. 8vo. cloth. .0 90
WOODBRIDGE’S Rudiments of Geography. Thlrd edmon,
18mo. bound 36
- Modem Atlus, coloured to accompany
) the shove. 4to. half-bound . .0 30
WH]TTAKER’S (Rev. G.) Flonlchum Poeticum, 18mo, X
cloth . .0 30
Matin Exercises ; H or, Exempla Proprm. { O*L
' “= 19mo, cloth .. 00300
ENOPHON’S Ann.basns, witl’ Notes, &e. By the Rev.
& F. Macmicrazt, B.AX, Third edition, 12mo, cloth 0 5 0
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